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Methodology

Towards the ultimate regime in Rayleigh-Darcy convection 3

h⇤ heated at the bottom below, ✓⇤(y⇤ = 0) = ✓⇤max, and cooled at the top above,
✓⇤(y⇤ = h⇤) = ✓⇤min. The evolution of the temperature field is controlled by the advection-
di↵usion equation

�
@✓⇤

@t⇤
+r · (u⇤✓⇤ � �Dr✓⇤) = 0 , (2.1)

where t⇤ is time, u⇤ = (u⇤, v⇤, w⇤) is the volume-averaged velocity field and D is the
thermal di↵usivity, which is considered constant here. The superscript ⇤ is used to
indicate dimensional variables. We assume that fluid density, ⇢⇤, is a linear function
of temperature,

⇢⇤(✓⇤) = ⇢⇤(✓⇤min)��⇢⇤
✓⇤ � ✓⇤min

✓⇤max � ✓⇤min

, (2.2)

with �⇢⇤ = ⇢⇤(✓⇤min) � ⇢⇤(✓⇤max). Assuming validity of the Boussinesq approxima-
tion (Landman & Schotting 2007; Zonta & Soldati 2018), the flow field is fully described
by the continuity and Darcy equations

r · u⇤ = 0 , u⇤ = �


µ
(rP ⇤ + ⇢⇤gj) , (2.3)

with µ the fluid viscosity (constant), P ⇤ the pressure, and j the vertical unit vector. The
walls are assumed to be impermeable and isothermal, and periodicity is assumed in the
wall-parallel directions.

2.1. Dimensionless equations

Natural velocity and length scales for the system are the buoyancy velocity, V ⇤ =
g�⇢⇤/µ, and the domain height, h⇤, respectively. Using the following set of dimension-
less variables,

✓ =
✓⇤ � ✓⇤min

✓⇤max � ✓⇤min

, t =
t⇤

�h⇤/V ⇤ , P =
P ⇤

�⇢⇤gh⇤ , (2.4)

and introducing the reduced pressure p⇤, we obtain the dimensionless form of the
governing equations (2.1),(2.3):

@✓

@t
+r ·

✓
u✓ �

1

Ra
r✓

◆
= 0, (2.5)

r · u = 0 , u = � (rp� ✓j) , (2.6)

where Ra = g�⇢⇤h⇤/(�Dµ) = V ⇤h⇤/(�D) is the Rayleigh-Darcy number. The wall
boundary conditions for velocity and temperature then read as

v(y = 0) = 0 , ✓(y = 0) = 1, (2.7a)

v(y = 1) = 0 , ✓(y = 1) = 0. (2.7b)

As previously mentioned, for the physical system investigated here, the buoyancy
velocity V ⇤ is a natural reference velocity scale (Fu et al. 2013; Wen et al. 2018). At the
same time, a possible reference length scale is the thickness of the porous layer x⇤

c = h⇤

(convective scaling). However, an alternative choice for the reference length scale, which is
perhaps more related to the physics of the phenomena under investigation, is x⇤

d = �D/V ⇤

(di↵usive-convective scaling). Note that x⇤
d represents the length over which advection

and di↵usion balance (Slim 2014), and is independent of the physical domain thickness.
When rescaled in the latter way, dimensions are bound in the range x⇤/x⇤

d 2 [0,Ra], and
comparison between simulations at di↵erent Ra is easier. For this reason, lengths in this
paper are rescaled with respect to x⇤

d. Furthermore, introduction of this length scale also
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Simulation Ra ;G/;H ⇥ ;I/;H #G ⇥ #I ⇥ #H Nu \rms (H = 1/2)

Ra1 1.0 ⇥ 103 4 ⇥ 4 384 ⇥ 384 ⇥ 32 11.14 0.1112
Ra2 2.5 ⇥ 103 4 ⇥ 4 768 ⇥ 768 ⇥ 64 28.56 0.1094
Ra5 5.0 ⇥ 103 4 ⇥ 4 1536 ⇥ 1536 ⇥ 128 52.20 0.1036
Ra7 7.5 ⇥ 103 4 ⇥ 4 2304 ⇥ 2304 ⇥ 192 75.73 0.1019
Ra10 1 ⇥ 104 1 ⇥ 1 768 ⇥ 768 ⇥ 256 99.84 0.1011
Ra20 2 ⇥ 104 1 ⇥ 1 1536 ⇥ 1536 ⇥ 512 193.17 0.0991
Ra30 3 ⇥ 104 1 ⇥ 1 2304 ⇥ 2304 ⇥ 768 281.14 0.0972
Ra40 4 ⇥ 104 1 ⇥ 1 3072 ⇥ 3072 ⇥ 1024 370.17 0.0966
Ra80 8 ⇥ 104 1 ⇥ 1 6144 ⇥ 6144 ⇥ 2048 709.00 0.0950

Table 1: Summary of numerical simulations performed in the present study. For each simulation, we
explicitly report Rayleigh number Ra, domain size ;G/;H ⇥ ;I/;H ⇥ 1 and grid resolution #G ⇥ #I ⇥ #H .
Additional simulations at Ra = 1 ⇥ 104, not reported here, have been run for 5 di�erent values of the aspect
ratio (see table 2). Nusselt number, Nu, and time- and space-averaged temperature rms at the midplane,
\rms (H = 1/2), are also reported.
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(b) Ra = 1000

(c) Ra = 10000

(d) Ra = 80000

Figure 2: (a) Compensated Nusselt number as a function of Rayleigh number. Results obtained by Pirozzoli
et al. (2021) and present numerical simulations are shown by filled circles (•) and diamonds (⌥) for three-
dimensional and two-dimensional simulations respectively. The black solid line indicates the proposed
correlation Nu/Ra = 0.0081 + 0.067Ra�0.39 (see also Pirozzoli et al. 2021). Data obtained in previous
works, in both two-dimensional (Hewitt et al. 2012; De Paoli et al. 2016; Wen et al. 2015) (⇤, O and ù,
respectively) and three-dimensional (Hewitt et al. 2014) (4) simulations are shown with open symbols. The
scaling law Nu/Ra = 0.0069 + 2.75/Ra proposed by Hewitt et al. (2012) for the two-dimensional case, is
shown with a solid red line. Modifications of the flow structure with Ra is shown in the insets, in terms of
the temperature distribution in vertical slices at Ra = 103 (b), Ra = 104 (c) and Ra = 8 ⇥ 104 (d).
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Figure 1: Sketch of the computational domain – with dimensions l⇤x , l⇤y and l⇤z – used to
study Rayleigh-Darcy convection. The flow is heated at the bottom, �⇤(y⇤ = 0) = �⇤max,
and cooled at the top, �⇤(y⇤ = l⇤y) = �⇤min, and boundaries in the x⇤ and z⇤ directions are
assumed to be periodic. The gravity acceleration (g), points downwards. The temperature
distribution �⇤ for the case Ra = 8 ⇥ 104 is also shown for illustrative purposes on the side

boundaries and in a plane very close to the top boundary (i.e. at a distance of 50l⇤y/Ra
from the top boundary).

in the overall predicted transfer flux and in the corresponding cumulative time integral Slim37
(2014); De Paoli et al. (2016, 2017).38

Object of the present work is to investigate the unexplored range of high-Ra Rayleigh-39
Darcy convection, with an original and consistent dataset obtained by leading edge three-40
dimensional numerical simulations up to the unprecedented Ra = 80 ⇥ 103. Our aim is to41
obtain evidence of the ultimate regime and to determine the corresponding scaling exponent42
�. We clearly demonstrate that only for Ra > 20 ⇥ 103 does the ultimate regime set in, and43
we further establish that the scaling of Nu with Ra in the ultimate regime is sublinear: the44
new proposed scaling law is Nu ⇠ Ra0.94.45

The goal of the present work is to investigate the high-Ra range of Rayleigh-Darcy46
convection, using a database of three-dimensional numerical simulations up to Ra = 8⇥104.47
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I

– used to study Rayleigh-Darcy
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⇤
max, and cooled at the top, \⇤ (H⇤ = ;

⇤
H
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⇤

min,
and boundaries in the G

⇤ and I
⇤ directions are assumed to be periodic. The gravity acceleration (g), points

downwards. The temperature distribution \
⇤ for the case Ra = 8⇥104 is also shown for illustrative purposes

on the side boundaries and in a plane close to the top boundary (specifically, at a distance of 50;⇤
H
/Ra from

the top boundary).

scales as : ⇠ Ra0.52±0.05 in the core part of the domain, and as : ⇠ Ra�1 in the near-boundary86

region. In a recent study (Pirozzoli et al. 2021), we have pushed the limit of three-dimensional87

numerical simulations to Ra = 8 ⇥ 104 and, relying also on sound theoretical predictions88

regarding the asymptotic behavior of Nu, we have shown that its variation at finite Ra can89

be well characterized in terms of sublinear deviations from the linear asymptotic trend. The90

goal of the present work is to exploit the large numerical dataset which we have generated91

to o�er a thorough characterization of the fine- and large-scale structures of the flow in92

three-dimensional domains, at Ra up to 8 ⇥ 104. In particular, we focus on the relationship93

between large megaplumes dominating the interior part of the domain, and the persistent94

supercells observed near the boundaries, and we propose reliable parametrizations which95

can help the development of models for the asymptotic flow structure and the corresponding96

heat/mass transfer fluxes.97

2. Methodology98

With reference to figure 1, we consider a three-dimensional fluid-saturated porous medium99

with uniform porosity q and uniform permeability ^. The origin of the coordinate system100

is located at the bottom of the domain, and the G
⇤
, I

⇤ axis point along the two horizontal101

directions, whereas the H
⇤ axis points along the vertical direction (along which gravity 6 is102

directed). A positive temperature di�erence �\⇤ = \
⇤
max � \

⇤

min is maintained between the top103

and the bottom boundaries by heating the flow from the bottom and cooling it from the top.104

We consider that fluid density, d⇤, is a linear function of temperature,105

d
⇤
(\

⇤
) = d

⇤
(\

⇤

min) � �d⇤
\
⇤
� \

⇤

min

\
⇤
max � \

⇤

min

, (2.1)106
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with �d⇤ = d
⇤
(\

⇤

min)� d
⇤
(\

⇤
max). Assuming validity of the Boussinesq approximation (Land-107

man & Schotting 2007; Zonta & Soldati 2018), the flow is incompressible and governed by108

the Darcy’s law109

r · u
⇤ = 0 , u

⇤ = �
^

`

(r%
⇤
+ d

⇤
6j) , (2.2)110

with ` the fluid viscosity (constant), u
⇤ = (D

⇤
, E

⇤
,F

⇤
) the volume-averaged velocity field,111

%
⇤ the pressure, and j the vertical unit vector.112

The evolution of the temperature field is controlled by the advection-di�usion equation113

q

m\
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mC
⇤
+ r · (u

⇤
\
⇤
� q⇡r\

⇤
) = 0 , (2.3)114

where C
⇤ is time, and ⇡ is the thermal di�usivity, which is considered constant here. The115

superscript ⇤ is used to indicate dimensional variables. The top and bottom boundaries116

are impermeable and isothermal. Periodicity is assumed in the directions parallel to the117

boundaries.118

2.1. Dimensionless equations119

For the present flow configuration, in which buoyancy forces drive the primary flow motion120

in the vertical direction, natural velocity, temperature, and length reference scales are the121

temperature di�erence, �\⇤, the buoyancy velocity +
⇤ = 6�d⇤^/`, and the domain height,122

;
⇤
H
, respectively (Fu et al. 2013; Wen et al. 2018). Accordingly, dimensionless variables read123

as124
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Introducing the reduced pressure ?
⇤, we obtain the dimensionless form of the governing126

equations (2.3)-(2.2):127
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= 0, (2.5)128

129

r · u = 0 , u = � (r? � \j) , (2.6)130

where Ra = 6�d⇤^;⇤
H
/(q⇡`) = +

⇤
;
⇤
H
/(q⇡) is the Rayleigh-Darcy number. The boundary
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Numerical details
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h⇤ heated at the bottom below, ✓⇤(y⇤ = 0) = ✓⇤max, and cooled at the top above,
✓⇤(y⇤ = h⇤) = ✓⇤min. The evolution of the temperature field is controlled by the advection-
di↵usion equation
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where t⇤ is time, u⇤ = (u⇤, v⇤, w⇤) is the volume-averaged velocity field and D is the
thermal di↵usivity, which is considered constant here. The superscript ⇤ is used to
indicate dimensional variables. We assume that fluid density, ⇢⇤, is a linear function
of temperature,
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with µ the fluid viscosity (constant), P ⇤ the pressure, and j the vertical unit vector. The
walls are assumed to be impermeable and isothermal, and periodicity is assumed in the
wall-parallel directions.

2.1. Dimensionless equations

Natural velocity and length scales for the system are the buoyancy velocity, V ⇤ =
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(di↵usive-convective scaling). Note that x⇤
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and di↵usion balance (Slim 2014), and is independent of the physical domain thickness.
When rescaled in the latter way, dimensions are bound in the range x⇤/x⇤

d 2 [0,Ra], and
comparison between simulations at di↵erent Ra is easier. For this reason, lengths in this
paper are rescaled with respect to x⇤

d. Furthermore, introduction of this length scale also

Towards the ultimate regime in Rayleigh-Darcy convection 3

h⇤ heated at the bottom below, ✓⇤(y⇤ = 0) = ✓⇤max, and cooled at the top above,
✓⇤(y⇤ = h⇤) = ✓⇤min. The evolution of the temperature field is controlled by the advection-
di↵usion equation

�
@✓⇤

@t⇤
+r · (u⇤✓⇤ � �Dr✓⇤) = 0 , (2.1)

where t⇤ is time, u⇤ = (u⇤, v⇤, w⇤) is the volume-averaged velocity field and D is the
thermal di↵usivity, which is considered constant here. The superscript ⇤ is used to
indicate dimensional variables. We assume that fluid density, ⇢⇤, is a linear function
of temperature,

⇢⇤(✓⇤) = ⇢⇤(✓⇤min)��⇢⇤
✓⇤ � ✓⇤min

✓⇤max � ✓⇤min

, (2.2)

with �⇢⇤ = ⇢⇤(✓⇤min) � ⇢⇤(✓⇤max). Assuming validity of the Boussinesq approxima-
tion (Landman & Schotting 2007; Zonta & Soldati 2018), the flow field is fully described
by the continuity and Darcy equations

r · u⇤ = 0 , u⇤ = �


µ
(rP ⇤ + ⇢⇤gj) , (2.3)

with µ the fluid viscosity (constant), P ⇤ the pressure, and j the vertical unit vector. The
walls are assumed to be impermeable and isothermal, and periodicity is assumed in the
wall-parallel directions.

2.1. Dimensionless equations

Natural velocity and length scales for the system are the buoyancy velocity, V ⇤ =
g�⇢⇤/µ, and the domain height, h⇤, respectively. Using the following set of dimension-
less variables,

✓ =
✓⇤ � ✓⇤min

✓⇤max � ✓⇤min

, t =
t⇤

�h⇤/V ⇤ , P =
P ⇤

�⇢⇤gh⇤ , (2.4)

and introducing the reduced pressure p⇤, we obtain the dimensionless form of the
governing equations (2.1),(2.3):

@✓

@t
+r ·

✓
u✓ �

1

Ra
r✓

◆
= 0, (2.5)

r · u = 0 , u = � (rp� ✓j) , (2.6)

where Ra = g�⇢⇤h⇤/(�Dµ) = V ⇤h⇤/(�D) is the Rayleigh-Darcy number. The wall
boundary conditions for velocity and temperature then read as

v(y = 0) = 0 , ✓(y = 0) = 1, (2.7a)

v(y = 1) = 0 , ✓(y = 1) = 0. (2.7b)

As previously mentioned, for the physical system investigated here, the buoyancy
velocity V ⇤ is a natural reference velocity scale (Fu et al. 2013; Wen et al. 2018). At the
same time, a possible reference length scale is the thickness of the porous layer x⇤

c = h⇤

(convective scaling). However, an alternative choice for the reference length scale, which is
perhaps more related to the physics of the phenomena under investigation, is x⇤

d = �D/V ⇤

(di↵usive-convective scaling). Note that x⇤
d represents the length over which advection

and di↵usion balance (Slim 2014), and is independent of the physical domain thickness.
When rescaled in the latter way, dimensions are bound in the range x⇤/x⇤

d 2 [0,Ra], and
comparison between simulations at di↵erent Ra is easier. For this reason, lengths in this
paper are rescaled with respect to x⇤

d. Furthermore, introduction of this length scale also
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Boundary conditions

Simulations performed
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Simulation Ra ;G/;H ⇥ ;I/;H #G ⇥ #I ⇥ #H Nu \rms (H = 1/2)

Ra1 1.0 ⇥ 103 4 ⇥ 4 384 ⇥ 384 ⇥ 32 11.14 0.1112
Ra2 2.5 ⇥ 103 4 ⇥ 4 768 ⇥ 768 ⇥ 64 28.56 0.1094
Ra5 5.0 ⇥ 103 4 ⇥ 4 1536 ⇥ 1536 ⇥ 128 52.20 0.1036
Ra7 7.5 ⇥ 103 4 ⇥ 4 2304 ⇥ 2304 ⇥ 192 75.73 0.1019
Ra10 1 ⇥ 104 1 ⇥ 1 768 ⇥ 768 ⇥ 256 99.84 0.1011
Ra20 2 ⇥ 104 1 ⇥ 1 1536 ⇥ 1536 ⇥ 512 193.17 0.0991
Ra30 3 ⇥ 104 1 ⇥ 1 2304 ⇥ 2304 ⇥ 768 281.14 0.0972
Ra40 4 ⇥ 104 1 ⇥ 1 3072 ⇥ 3072 ⇥ 1024 370.17 0.0966
Ra80 8 ⇥ 104 1 ⇥ 1 6144 ⇥ 6144 ⇥ 2048 709.00 0.0950

Table 1: Summary of numerical simulations performed in the present study. For each simulation, we
explicitly report Rayleigh number Ra, domain size ;G/;H ⇥ ;I/;H ⇥ 1 and grid resolution #G ⇥ #I ⇥ #H .
Additional simulations at Ra = 1 ⇥ 104, not reported here, have been run for 5 di�erent values of the aspect
ratio (see table 2). Nusselt number, Nu, and time- and space-averaged temperature rms at the midplane,
\rms (H = 1/2), are also reported.
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(b) Ra = 1000

(c) Ra = 10000

(d) Ra = 80000

Figure 2: (a) Compensated Nusselt number as a function of Rayleigh number. Results obtained by Pirozzoli
et al. (2021) and present numerical simulations are shown by filled circles (•) and diamonds (⌥) for three-
dimensional and two-dimensional simulations respectively. The black solid line indicates the proposed
correlation Nu/Ra = 0.0081 + 0.067Ra�0.39 (see also Pirozzoli et al. 2021). Data obtained in previous
works, in both two-dimensional (Hewitt et al. 2012; De Paoli et al. 2016; Wen et al. 2015) (⇤, O and ù,
respectively) and three-dimensional (Hewitt et al. 2014) (4) simulations are shown with open symbols. The
scaling law Nu/Ra = 0.0069 + 2.75/Ra proposed by Hewitt et al. (2012) for the two-dimensional case, is
shown with a solid red line. Modifications of the flow structure with Ra is shown in the insets, in terms of
the temperature distribution in vertical slices at Ra = 103 (b), Ra = 104 (c) and Ra = 8 ⇥ 104 (d).

6 De Paoli et al.

Simulation Ra ;G/;H ⇥ ;I/;H #G ⇥ #I ⇥ #H Nu \rms (H = 1/2)

Ra1 1.0 ⇥ 103 4 ⇥ 4 384 ⇥ 384 ⇥ 32 11.14 0.1112
Ra2 2.5 ⇥ 103 4 ⇥ 4 768 ⇥ 768 ⇥ 64 28.56 0.1094
Ra5 5.0 ⇥ 103 4 ⇥ 4 1536 ⇥ 1536 ⇥ 128 52.20 0.1036
Ra7 7.5 ⇥ 103 4 ⇥ 4 2304 ⇥ 2304 ⇥ 192 75.73 0.1019
Ra10 1 ⇥ 104 1 ⇥ 1 768 ⇥ 768 ⇥ 256 99.84 0.1011
Ra20 2 ⇥ 104 1 ⇥ 1 1536 ⇥ 1536 ⇥ 512 193.17 0.0991
Ra30 3 ⇥ 104 1 ⇥ 1 2304 ⇥ 2304 ⇥ 768 281.14 0.0972
Ra40 4 ⇥ 104 1 ⇥ 1 3072 ⇥ 3072 ⇥ 1024 370.17 0.0966
Ra80 8 ⇥ 104 1 ⇥ 1 6144 ⇥ 6144 ⇥ 2048 709.00 0.0950

Table 1: Summary of numerical simulations performed in the present study. For each simulation, we
explicitly report Rayleigh number Ra, domain size ;G/;H ⇥ ;I/;H ⇥ 1 and grid resolution #G ⇥ #I ⇥ #H .
Additional simulations at Ra = 1 ⇥ 104, not reported here, have been run for 5 di�erent values of the aspect
ratio (see table 2). Nusselt number, Nu, and time- and space-averaged temperature rms at the midplane,
\rms (H = 1/2), are also reported.

22

(b) Ra = 1000

(c) Ra = 10000

(d) Ra = 80000

Figure 2: (a) Compensated Nusselt number as a function of Rayleigh number. Results obtained by Pirozzoli
et al. (2021) and present numerical simulations are shown by filled circles (•) and diamonds (⌥) for three-
dimensional and two-dimensional simulations respectively. The black solid line indicates the proposed
correlation Nu/Ra = 0.0081 + 0.067Ra�0.39 (see also Pirozzoli et al. 2021). Data obtained in previous
works, in both two-dimensional (Hewitt et al. 2012; De Paoli et al. 2016; Wen et al. 2015) (⇤, O and ù,
respectively) and three-dimensional (Hewitt et al. 2014) (4) simulations are shown with open symbols. The
scaling law Nu/Ra = 0.0069 + 2.75/Ra proposed by Hewitt et al. (2012) for the two-dimensional case, is
shown with a solid red line. Modifications of the flow structure with Ra is shown in the insets, in terms of
the temperature distribution in vertical slices at Ra = 103 (b), Ra = 104 (c) and Ra = 8 ⇥ 104 (d).

6 De Paoli et al.

Simulation Ra ;G/;H ⇥ ;I/;H #G ⇥ #I ⇥ #H Nu \rms (H = 1/2)

Ra1 1.0 ⇥ 103 4 ⇥ 4 384 ⇥ 384 ⇥ 32 11.14 0.1112
Ra2 2.5 ⇥ 103 4 ⇥ 4 768 ⇥ 768 ⇥ 64 28.56 0.1094
Ra5 5.0 ⇥ 103 4 ⇥ 4 1536 ⇥ 1536 ⇥ 128 52.20 0.1036
Ra7 7.5 ⇥ 103 4 ⇥ 4 2304 ⇥ 2304 ⇥ 192 75.73 0.1019
Ra10 1 ⇥ 104 1 ⇥ 1 768 ⇥ 768 ⇥ 256 99.84 0.1011
Ra20 2 ⇥ 104 1 ⇥ 1 1536 ⇥ 1536 ⇥ 512 193.17 0.0991
Ra30 3 ⇥ 104 1 ⇥ 1 2304 ⇥ 2304 ⇥ 768 281.14 0.0972
Ra40 4 ⇥ 104 1 ⇥ 1 3072 ⇥ 3072 ⇥ 1024 370.17 0.0966
Ra80 8 ⇥ 104 1 ⇥ 1 6144 ⇥ 6144 ⇥ 2048 709.00 0.0950

Table 1: Summary of numerical simulations performed in the present study. For each simulation, we
explicitly report Rayleigh number Ra, domain size ;G/;H ⇥ ;I/;H ⇥ 1 and grid resolution #G ⇥ #I ⇥ #H .
Additional simulations at Ra = 1 ⇥ 104, not reported here, have been run for 5 di�erent values of the aspect
ratio (see table 2). Nusselt number, Nu, and time- and space-averaged temperature rms at the midplane,
\rms (H = 1/2), are also reported.

22

(b) Ra = 1000

(c) Ra = 10000

(d) Ra = 80000

Figure 2: (a) Compensated Nusselt number as a function of Rayleigh number. Results obtained by Pirozzoli
et al. (2021) and present numerical simulations are shown by filled circles (•) and diamonds (⌥) for three-
dimensional and two-dimensional simulations respectively. The black solid line indicates the proposed
correlation Nu/Ra = 0.0081 + 0.067Ra�0.39 (see also Pirozzoli et al. 2021). Data obtained in previous
works, in both two-dimensional (Hewitt et al. 2012; De Paoli et al. 2016; Wen et al. 2015) (⇤, O and ù,
respectively) and three-dimensional (Hewitt et al. 2014) (4) simulations are shown with open symbols. The
scaling law Nu/Ra = 0.0069 + 2.75/Ra proposed by Hewitt et al. (2012) for the two-dimensional case, is
shown with a solid red line. Modifications of the flow structure with Ra is shown in the insets, in terms of
the temperature distribution in vertical slices at Ra = 103 (b), Ra = 104 (c) and Ra = 8 ⇥ 104 (d).

Pirozzoli, De Paoli, Zonta & Soldati, J. Fluid Mech. (2021)
De Paoli, Pirozzoli, Zonta & Soldati, J. Fluid Mech. (in press)

• Spatial discretization: Second-order finite-difference
incompressible flow solver (staggered arrangement of 
the flow variables, Orlandi, Fluid Flow Phenomena, 
2000)

• Time discretization: the temperature transport equation
is advanced in time by means of a hybrid third-order 
low-storage Runge–Kutta algorithm, whereby the 
convective terms are handled explicitly and the 
diffusive terms are handled implicitly, limited to the 
wall-normal direction. 

• Pure MPI parallelization: Cineca Supercomputing 
centre, Infrastructure Marconi, 

32,000 cores 
≈ 3TB/field
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Temperature and heat transfer statistics
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Figure 3: (a) Time- and horizontally-averaged temperature ⇥ = |\F � \ |, where \F is the boundary
temperature. Profiles are shown as a function of the vertical coordinate, H (panel a), and as a function of the
vertical coordinate rescaled by the Nusselt number, H ⇥ Nu (panel b). Colours correspond to the Rayleigh
number, from low (white) to high (black). Due to symmetry of the problem, only half of the domain is shown.
In the bulk of the domain, the profiles exhibit a logarithmic scaling, ⇥ = � ln (2H) + 1/2, with � = 0.0188
(dashed blue line). When the wall-normal coordinate is rescaled by the Nusselt number, H ⇥ Nu (panel b),
all temperature profiles are self-similar and are well described by a linear function, ⇥ = H ⇥Nu (dashed blue
line), near the boundary.

Figure 4: (a) Vertical temperature gradient (-d\/dH) normalised by the Nusselt number, Nu (half domain is
shown). Profiles are shown as a function of the vertical coordinate, H (a), and as a function of the vertical
coordinate normalised by the Nusselt number, H ⇥Nu (b). Colours correspond to the Rayleigh number, from
low (white) to high (black). The dashed blue line denotes the zero value.

(dashed line). This is a strong indication that the thickness X of the thermal boundary layer235

scales well with Nu, at all Ra.236

Interestingly, the behavior of ⇥ is non-monotonic with H, and it develops a local maximum237

around the edge of the thermal boundary layer, say 0.5 < H ⇥ Nu < 5 in rescaled units238

(figure 3b). This maximum is especially visible at Ra = 103, whereas it weakens at239

higher Ra. Such non-monotonic behavior of ⇥ bears important consequences on the heat240

transport mechanisms across the porous domain, as the di�usive heat flux @\ / d\/dH may241

become negative. This is explicitly quantified in figure 4, where we show the rescaled mean242

temperature gradient, �Nu�1d\/dH, as a function of H (figure 4a) and as a function of H ⇥Nu243

filled symbols: Pirozzoli et al. (2021),  
open symbols: Hewitt et al. (2012,2014), Wen et al. (2015)
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Flow structure at high-Ra (Ra = 8 × 104)

y-z slice (x = 0) x-z slice (y = 0.01)

Pirozzoli, De Paoli, Zonta & Soldati, J. Fluid Mech (2021)
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Figure 1: Sketch of the computational domain – with dimensions l⇤x , l⇤y and l⇤z – used to
study Rayleigh-Darcy convection. The flow is heated at the bottom, �⇤(y⇤ = 0) = �⇤max,
and cooled at the top, �⇤(y⇤ = l⇤y) = �⇤min, and boundaries in the x⇤ and z⇤ directions are
assumed to be periodic. The gravity acceleration (g), points downwards. The temperature
distribution �⇤ for the case Ra = 8 ⇥ 104 is also shown for illustrative purposes on the side

boundaries and in a plane very close to the top boundary (i.e. at a distance of 50l⇤y/Ra
from the top boundary).

in the overall predicted transfer flux and in the corresponding cumulative time integral Slim37
(2014); De Paoli et al. (2016, 2017).38

Object of the present work is to investigate the unexplored range of high-Ra Rayleigh-39
Darcy convection, with an original and consistent dataset obtained by leading edge three-40
dimensional numerical simulations up to the unprecedented Ra = 80 ⇥ 103. Our aim is to41
obtain evidence of the ultimate regime and to determine the corresponding scaling exponent42
�. We clearly demonstrate that only for Ra > 20 ⇥ 103 does the ultimate regime set in, and43
we further establish that the scaling of Nu with Ra in the ultimate regime is sublinear: the44
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Figure 1: Sketch of the computational domain – with dimensions l⇤x , l⇤y and l⇤z – used to
study Rayleigh-Darcy convection. The flow is heated at the bottom, �⇤(y⇤ = 0) = �⇤max,
and cooled at the top, �⇤(y⇤ = l⇤y) = �⇤min, and boundaries in the x⇤ and z⇤ directions are
assumed to be periodic. The gravity acceleration (g), points downwards. The temperature
distribution �⇤ for the case Ra = 8 ⇥ 104 is also shown for illustrative purposes on the side

boundaries and in a plane very close to the top boundary (i.e. at a distance of 50l⇤y/Ra
from the top boundary).
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– used to study Rayleigh-Darcy
convection. The flow is heated at the bottom, \⇤ (H⇤ = 0) = \

⇤
max, and cooled at the top, \⇤ (H⇤ = ;

⇤
H
) = \

⇤

min,
and boundaries in the G

⇤ and I
⇤ directions are assumed to be periodic. The gravity acceleration (g), points

downwards. The temperature distribution \
⇤ for the case Ra = 8⇥104 is also shown for illustrative purposes

on the side boundaries and in a plane close to the top boundary (specifically, at a distance of 50;⇤
H
/Ra from

the top boundary).

scales as : ⇠ Ra0.52±0.05 in the core part of the domain, and as : ⇠ Ra�1 in the near-boundary86

region. In a recent study (Pirozzoli et al. 2021), we have pushed the limit of three-dimensional87

numerical simulations to Ra = 8 ⇥ 104 and, relying also on sound theoretical predictions88

regarding the asymptotic behavior of Nu, we have shown that its variation at finite Ra can89

be well characterized in terms of sublinear deviations from the linear asymptotic trend. The90

goal of the present work is to exploit the large numerical dataset which we have generated91

to o�er a thorough characterization of the fine- and large-scale structures of the flow in92

three-dimensional domains, at Ra up to 8 ⇥ 104. In particular, we focus on the relationship93

between large megaplumes dominating the interior part of the domain, and the persistent94

supercells observed near the boundaries, and we propose reliable parametrizations which95

can help the development of models for the asymptotic flow structure and the corresponding96

heat/mass transfer fluxes.97

2. Methodology98

With reference to figure 1, we consider a three-dimensional fluid-saturated porous medium99

with uniform porosity q and uniform permeability ^. The origin of the coordinate system100

is located at the bottom of the domain, and the G
⇤
, I

⇤ axis point along the two horizontal101

directions, whereas the H
⇤ axis points along the vertical direction (along which gravity 6 is102

directed). A positive temperature di�erence �\⇤ = \
⇤
max � \

⇤

min is maintained between the top103

and the bottom boundaries by heating the flow from the bottom and cooling it from the top.104

We consider that fluid density, d⇤, is a linear function of temperature,105

d
⇤
(\

⇤
) = d

⇤
(\

⇤

min) � �d⇤
\
⇤
� \

⇤

min

\
⇤
max � \

⇤

min

, (2.1)106
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Figure 8. Characterization of flow structures in the near-boundary region. Structures are identified based on
the binarized temperature maps, as shown in figure 7(c). (a) Probability density distribution of cells area;
(b) probability density distribution of the cell circularity parameter, C = 4πA/Π2, with Π the cell perimeter.
All quantities are expressed in dimensionless units (the domain size is lx = lz = Ra). Examples of shapes,
associated with the corresponding values of circularity, are also reported at the bottom of (b).

the probability density distributions for Ra > 2 × 104 seem to collapse fairly well, some
differences are found at lower Ra, with lower probability of having smaller cells, and
higher probability of having larger cells (this is particularly apparent at Ra = 103). This
observation suggests that the structure and organization of the flow cells near the boundary
are still evolving within the investigated range of Ra, although the evolution becomes
milder and milder as Ra increases. Not only is the extension of flow cells important, but
also their shape, which we characterize by computing the cell circularity parameter, C =
4πA/Π2, with Π the cell perimeter. The corresponding probability density distributions
are shown in figure 8(b). Note that C = 1 in the case of circular regions, whereas C → 0
in the case of highly elongated, needle-shaped regions. All other possible shapes range
between those two limiting values, as visually rendered at the bottom horizontal axis
of figure 8(b). For all Ra here considered, the probability density function of C shows a
qualitatively similar distribution, with maximum probability density of observing regions
with circularity C ∼ 0.8, as is the case for nearly square cells. However, the probability of
observing near-circular regions is non-negligible, as P(C = 1) ∼ 0.3. Elongated regions
(say, C < 0.2) are quite frequent at low Ra, and in particular at Ra = 103, but they become
increasingly rare at high Ra. In line with the previous discussion on P(A), it is interesting
to observe that P(C) is still evolving within the range of Ra investigated here, but it seems
to tend towards an asymptotic distribution for increasing Ra. In § 5.4, the dependence of
our results on the domain size has been tested by performing simulations at Ra = 104 in
boxes with various sizes.

5.2. Identification of supercells and dominant length scales in Rayleigh–Darcy
convection

As previously discussed – and similar to what is observed in classical Rayleigh–Bénard
turbulence (Stevens et al. 2018; Green et al. 2020; Krug et al. 2020; Berghout, Baars
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the probability density distributions for Ra > 2 × 104 seem to collapse fairly well, some
differences are found at lower Ra, with lower probability of having smaller cells, and
higher probability of having larger cells (this is particularly apparent at Ra = 103). This
observation suggests that the structure and organization of the flow cells near the boundary
are still evolving within the investigated range of Ra, although the evolution becomes
milder and milder as Ra increases. Not only is the extension of flow cells important, but
also their shape, which we characterize by computing the cell circularity parameter, C =
4πA/Π2, with Π the cell perimeter. The corresponding probability density distributions
are shown in figure 8(b). Note that C = 1 in the case of circular regions, whereas C → 0
in the case of highly elongated, needle-shaped regions. All other possible shapes range
between those two limiting values, as visually rendered at the bottom horizontal axis
of figure 8(b). For all Ra here considered, the probability density function of C shows a
qualitatively similar distribution, with maximum probability density of observing regions
with circularity C ∼ 0.8, as is the case for nearly square cells. However, the probability of
observing near-circular regions is non-negligible, as P(C = 1) ∼ 0.3. Elongated regions
(say, C < 0.2) are quite frequent at low Ra, and in particular at Ra = 103, but they become
increasingly rare at high Ra. In line with the previous discussion on P(A), it is interesting
to observe that P(C) is still evolving within the range of Ra investigated here, but it seems
to tend towards an asymptotic distribution for increasing Ra. In § 5.4, the dependence of
our results on the domain size has been tested by performing simulations at Ra = 104 in
boxes with various sizes.

5.2. Identification of supercells and dominant length scales in Rayleigh–Darcy
convection

As previously discussed – and similar to what is observed in classical Rayleigh–Bénard
turbulence (Stevens et al. 2018; Green et al. 2020; Krug et al. 2020; Berghout, Baars

0 A1-12

De Paoli and others

1.0

2.5

5.0

7.5

10

20

30

40

80

1.0

2.5

5.0

7.5

10

20

30

40

80

Ra/103 Ra/103

P
(A

)

P
(C

)

C

(b)(a)

10–6

10–8

10–10

A

Ra

Ra

104 105 106 107
10–4

10–3

10–2

10–1

100

10010–1

Figure 8. Characterization of flow structures in the near-boundary region. Structures are identified based on
the binarized temperature maps, as shown in figure 7(c). (a) Probability density distribution of cells area;
(b) probability density distribution of the cell circularity parameter, C = 4πA/Π2, with Π the cell perimeter.
All quantities are expressed in dimensionless units (the domain size is lx = lz = Ra). Examples of shapes,
associated with the corresponding values of circularity, are also reported at the bottom of (b).

the probability density distributions for Ra > 2 × 104 seem to collapse fairly well, some
differences are found at lower Ra, with lower probability of having smaller cells, and
higher probability of having larger cells (this is particularly apparent at Ra = 103). This
observation suggests that the structure and organization of the flow cells near the boundary
are still evolving within the investigated range of Ra, although the evolution becomes
milder and milder as Ra increases. Not only is the extension of flow cells important, but
also their shape, which we characterize by computing the cell circularity parameter, C =
4πA/Π2, with Π the cell perimeter. The corresponding probability density distributions
are shown in figure 8(b). Note that C = 1 in the case of circular regions, whereas C → 0
in the case of highly elongated, needle-shaped regions. All other possible shapes range
between those two limiting values, as visually rendered at the bottom horizontal axis
of figure 8(b). For all Ra here considered, the probability density function of C shows a
qualitatively similar distribution, with maximum probability density of observing regions
with circularity C ∼ 0.8, as is the case for nearly square cells. However, the probability of
observing near-circular regions is non-negligible, as P(C = 1) ∼ 0.3. Elongated regions
(say, C < 0.2) are quite frequent at low Ra, and in particular at Ra = 103, but they become
increasingly rare at high Ra. In line with the previous discussion on P(A), it is interesting
to observe that P(C) is still evolving within the range of Ra investigated here, but it seems
to tend towards an asymptotic distribution for increasing Ra. In § 5.4, the dependence of
our results on the domain size has been tested by performing simulations at Ra = 104 in
boxes with various sizes.

5.2. Identification of supercells and dominant length scales in Rayleigh–Darcy
convection

As previously discussed – and similar to what is observed in classical Rayleigh–Bénard
turbulence (Stevens et al. 2018; Green et al. 2020; Krug et al. 2020; Berghout, Baars
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Figure 10: Temperature distributions in a near-boundary plane (a-d) and in the flow centreplane (e-h).

supercells, emerge rather clearly. Monitoring the time evolution of the flow, it appears343

that the boundaries of the supercells are quite stationary, showing but limited lateral shift.344

However, their interior is characterized by the presence of smaller cells [figure 9(a)], which345

continuously form, move and merge, though remaining confined within the boundaries of the346

corresponding supercell. Hence, to better highlight the time persistence of the supercells, we347

have computed averages of the temperature field over a one hundred flow samples, spaced348

�C0E ' 0.1 apart. The time window has been carefully selected to be much larger than the349

time scale of the small protoplumes populating the boundary layer (typically, �C ⇠ O(10�2
)),350

which will thus be filtered, but smaller than the time scale of large megaplumes (typically,351

�C ⇠ O(1)). The results of the averaging procedure is shown in figure 9(b), which makes the352

boundaries of the supercells much more evident.353

In order to gain a perception to the flow organization along the vertical direction, in354

figure 10 we compare the temperature fields in a near-wall plane and at the flow centreplane,355

at various Ra. The flanks of the supercells (figure 10a-d) become more and more evident as356

Ra increases, and the typical size of cells and supercells decreases distinctly when expressed357

in convective units, based on the thickness of the porous layer and on the buoyancy velocity.358

Note however that, when expressed in terms of the di�usive-convective scaling (see §2), the359

horizontal area of the top and bottom boundaries for the Ra80 simulation is sixty-four times360

larger than for the Ra10 simulation, with obvious influence on the area of each flow cell. A361

similar trend for the characteristic size of the flow structure, i.e. flow structures which reduce362
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Figure 11: Mean radial wavenumber :A (solid lines and symbols) of the temperature distribution, determined
after equation (5.1). The results computed in the center (H = 1/2, filled symbols) and in the near-boundary
region (H = 50/Ra, empty symbols) are reported. The best fits obtained (dashed lines) are :A = 0.25Ra0.49

and :A = 0.045Ra0.81, for center and near-boundary respectively.

in size at increasing Ra when shown in dimensionless convective units, is also observed363

at the flow centreplane, see figure 10(e-h). However, and di�erent from what happens near364

the boundary, no signature of small-scale structures is evident at the centreplane, which is365

dominated by tall columnar megaplumes which span the whole flow thickness, and which366

are well visible as vertical yellow stripes in figure 2(b-d).367

Obtaining a quantitative estimate of the size of the dominant flow structures near368

the boundaries and at the flow centreplane is obviously important on account of their369

influence on the overall heat transfer mechanisms. For that purpose we consider the two-370

dimensional spectral density of the temperature field, ⇢ (:G , :I), where :G , :I are the371

horizontal wavenumbers, and we define a mean radial wavenumber as (Hewitt et al. 2014)372

:A (H) =
⌧ Ø Ø q

:
2
G
+ :

2
I
⇢ (:G , :I) dGdIØ Ø

⇢ (:G , :I) dGdI

�
. (5.1)373

The latter quantity can then be interpreted as a measure of the inverse size of the dominant374

structures at a given vertical position. The values of :A in the near-wall plane and at the flow375

centreplane are reported in figure 11 as a function of Ra.376

Near the boundary, power-law fitting of the simulations data for 103 6 Ra 6 8 ⇥ 104,377

yields the scaling378

:A (H = 50/Ra) ⇡ 0.045Ra0.81 , (5.2)379

where taking a 95% confidence interval, the value of the fitting exponent is 0.8057± 0.0174.380

This result seems to fall short of the linear scaling reported by Hewitt et al. (2014), which was381

arrived at by assuming that the horizontal size of the near-boundary plumes scales with the382

boundary layer thickness, hence as ⇠ 1/Nu. Given that, in the ultimate regime, Nu ⇠ Ra, it383

would follow that :A ⇠ Ra. However, in our previous work (Pirozzoli et al. 2021) we noticed384

that such ultimate regime would probably set in at Ra ⇡ 5 ⇥ 105, well beyond the range of385

Ra currently accessible to numerical simulations. Hence, deviations from such asymptotic386

scaling are plausible.387

At the flow centreplane, data fitting of our results yields388

:A (H = 1/2) ⇡ 0.25Ra0.49 , (5.3)389

Mean radial wave number

Theoretical prediction (Hewitt et al., 2014): 
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Figure 12: Temperature distributions at H = 50/Ra from the top boundary (top row), corresponding low-
pass filtered distributions (middle row), and temperature distribution in the centreplane (bottom row). Three
values of the Rayleigh number are considered, namely 1 ⇥ 103 (left column), 5 ⇥ 103 (central column) and
1 ⇥ 104 (right column). The \ = 1/2 iso-line in the centreplane is also shown as a black solid line in the
near-wall filtered (d-f) and centreplane (g-i) temperature distributions. The domain size is ;G = ;I = 4;H for
all cases.

where taking a 95% confidence interval, the fitting exponent is 0.4893± 0.0231. This is now390

in excellent agreement with previous theoretical predictions (:A ⇠ Ra1/2, Hewitt & Lister391

2017) and with simulations (:A = 0.17Ra0.52, Hewitt et al. 2014). This suggests that the size392

and spacing of the dominant structures at the centreplane scale well with previous predictions393

on the flow structure organization that maximizes the vertical heat transport (Hassanzadeh394

et al. 2014)395

5.3. Supercells and megaplumes396

To further connect flow structures near the boundary (supercells) with flow structures in397

the core (megaplumes), we apply a low-pass filter (with cut-o� wavenumber :2) to the398

near-boundary temperature distribution, so as to remove small-scale structures (Krug et al.399

2020). Given our goal of linking the near-boundary flow structures to those at the core, we400

set the cut-o� wavenumber to coincide with the mean radial wavenumber at the centreplane,401

i.e. :c = :A (H = 1/2), as prescribed by equation (5.3). Results are shown in figure 12402

for Rayleigh numbers in the low-to-moderate region, namely Ra = 103
, 5 ⇥ 103

, 104 (with403

center

near-wall
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where taking a 95% confidence interval, the fitting exponent is 0.4893± 0.0231. This is now390
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and spacing of the dominant structures at the centreplane scale well with previous predictions393
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Figure 11: Mean radial wavenumber :A (solid lines and symbols) of the temperature distribution, determined
after equation (5.1). The results computed in the center (H = 1/2, filled symbols) and in the near-boundary
region (H = 50/Ra, empty symbols) are reported. The best fits obtained (dashed lines) are :A = 0.25Ra0.49

and :A = 0.045Ra0.81, for center and near-boundary respectively.

in size at increasing Ra when shown in dimensionless convective units, is also observed363

at the flow centreplane, see figure 10(e-h). However, and di�erent from what happens near364

the boundary, no signature of small-scale structures is evident at the centreplane, which is365

dominated by tall columnar megaplumes which span the whole flow thickness, and which366

are well visible as vertical yellow stripes in figure 2(b-d).367

Obtaining a quantitative estimate of the size of the dominant flow structures near368

the boundaries and at the flow centreplane is obviously important on account of their369

influence on the overall heat transfer mechanisms. For that purpose we consider the two-370

dimensional spectral density of the temperature field, ⇢ (:G , :I), where :G , :I are the371

horizontal wavenumbers, and we define a mean radial wavenumber as (Hewitt et al. 2014)372
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The latter quantity can then be interpreted as a measure of the inverse size of the dominant374

structures at a given vertical position. The values of :A in the near-wall plane and at the flow375

centreplane are reported in figure 11 as a function of Ra.376

Near the boundary, power-law fitting of the simulations data for 103 6 Ra 6 8 ⇥ 104,377

yields the scaling378

:A (H = 50/Ra) ⇡ 0.045Ra0.81 , (5.2)379

where taking a 95% confidence interval, the value of the fitting exponent is 0.8057± 0.0174.380

This result seems to fall short of the linear scaling reported by Hewitt et al. (2014), which was381

arrived at by assuming that the horizontal size of the near-boundary plumes scales with the382

boundary layer thickness, hence as ⇠ 1/Nu. Given that, in the ultimate regime, Nu ⇠ Ra, it383

would follow that :A ⇠ Ra. However, in our previous work (Pirozzoli et al. 2021) we noticed384

that such ultimate regime would probably set in at Ra ⇡ 5 ⇥ 105, well beyond the range of385

Ra currently accessible to numerical simulations. Hence, deviations from such asymptotic386

scaling are plausible.387

At the flow centreplane, data fitting of our results yields388

:A (H = 1/2) ⇡ 0.25Ra0.49 , (5.3)389
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Figure 13. Correlation factor between unfiltered centreplane temperature and filtered near-wall temperature, as
defined in (5.4), as a function of Ra. Simulations with lx/ly = lz/ly = 1 (Ra > 104) and with lx/ly = lz/ly = 4
(Ra ≤ 104) are reported.

by their correlation coefficient, namely
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which we determine by averaging in time the correlation coefficients found in the
instantaneous temperature fields. This is shown in figure 13 as a function of Ra, and found
to be maximum at the lower Ra (a peak value r ∼ 0.75 is found at Ra = 103), and to slowly
relax to a value r ≈ 0.4 for Ra ≥ 2 × 104. This is a further confirmation that supercells
are the footprint of the megaplumes which dominate the core part of the flow.

5.4. Assessment of domain size effects
A series of additional simulations – whose parameters are summarized in table 2 – has
been carried out to explore the effect of computational box size and aspect ratio. In
particular – figure 14 – we look at the intertwined behaviour of the flow structure near the
boundary and at the domain centre (by looking at the corresponding temperature contour
maps). The strong effect induced by the shrinkage of the domain along the x direction is
clearly visible in figure 14 (see (a–d)). Flow confinement, due to the applied periodicity
in a narrow domain, results in streaky structures that are almost perfectly aligned in x.
Such bias is not present when the aspect ratio is increased (see figure 14g–h). To quantify
the influence of the domain size on the flow structure we compute the mean radial
wavenumber – as defined in (5.1) – near the boundary and at the domain centre, for
different aspect ratios. We recall here that kr – which is proportional to the inverse of
a length scale – provides an estimate of the characteristic size of the dominant flow
structures. The results, shown in figure 14, clearly demonstrate that the typical size of the
flow structures is strongly influenced by the box aspect ratio: going fromA = lx/lz = 1/8
toA = 1, kr monotonically increases – in particular when evaluated in the near-boundary
region, until it reaches a maximum value for A = 1. This value then remains almost
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Future developments – pore-scale dynamics

Numerical and experimental 
investigation of pore-scale dispersion 

effects on convective dissolution

Experiment (beads 4 mm) Simulations (IBM)

Chris Howland, Physics of Fluids 
Group, University of Twente
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Additional numerical details

Towards the ultimate regime in Rayleigh-Darcy convection 3

h⇤ heated at the bottom below, ✓⇤(y⇤ = 0) = ✓⇤max, and cooled at the top above,
✓⇤(y⇤ = h⇤) = ✓⇤min. The evolution of the temperature field is controlled by the advection-
di↵usion equation

�
@✓⇤

@t⇤
+r · (u⇤✓⇤ � �Dr✓⇤) = 0 , (2.1)

where t⇤ is time, u⇤ = (u⇤, v⇤, w⇤) is the volume-averaged velocity field and D is the
thermal di↵usivity, which is considered constant here. The superscript ⇤ is used to
indicate dimensional variables. We assume that fluid density, ⇢⇤, is a linear function
of temperature,

⇢⇤(✓⇤) = ⇢⇤(✓⇤min)��⇢⇤
✓⇤ � ✓⇤min

✓⇤max � ✓⇤min

, (2.2)

with �⇢⇤ = ⇢⇤(✓⇤min) � ⇢⇤(✓⇤max). Assuming validity of the Boussinesq approxima-
tion (Landman & Schotting 2007; Zonta & Soldati 2018), the flow field is fully described
by the continuity and Darcy equations

r · u⇤ = 0 , u⇤ = �


µ
(rP ⇤ + ⇢⇤gj) , (2.3)

with µ the fluid viscosity (constant), P ⇤ the pressure, and j the vertical unit vector. The
walls are assumed to be impermeable and isothermal, and periodicity is assumed in the
wall-parallel directions.

2.1. Dimensionless equations

Natural velocity and length scales for the system are the buoyancy velocity, V ⇤ =
g�⇢⇤/µ, and the domain height, h⇤, respectively. Using the following set of dimension-
less variables,

✓ =
✓⇤ � ✓⇤min

✓⇤max � ✓⇤min

, t =
t⇤

�h⇤/V ⇤ , P =
P ⇤

�⇢⇤gh⇤ , (2.4)

and introducing the reduced pressure p⇤, we obtain the dimensionless form of the
governing equations (2.1),(2.3):

@✓

@t
+r ·

✓
u✓ �

1

Ra
r✓

◆
= 0, (2.5)

r · u = 0 , u = � (rp� ✓j) , (2.6)

where Ra = g�⇢⇤h⇤/(�Dµ) = V ⇤h⇤/(�D) is the Rayleigh-Darcy number. The wall
boundary conditions for velocity and temperature then read as

v(y = 0) = 0 , ✓(y = 0) = 1, (2.7a)

v(y = 1) = 0 , ✓(y = 1) = 0. (2.7b)

As previously mentioned, for the physical system investigated here, the buoyancy
velocity V ⇤ is a natural reference velocity scale (Fu et al. 2013; Wen et al. 2018). At the
same time, a possible reference length scale is the thickness of the porous layer x⇤

c = h⇤

(convective scaling). However, an alternative choice for the reference length scale, which is
perhaps more related to the physics of the phenomena under investigation, is x⇤

d = �D/V ⇤

(di↵usive-convective scaling). Note that x⇤
d represents the length over which advection

and di↵usion balance (Slim 2014), and is independent of the physical domain thickness.
When rescaled in the latter way, dimensions are bound in the range x⇤/x⇤

d 2 [0,Ra], and
comparison between simulations at di↵erent Ra is easier. For this reason, lengths in this
paper are rescaled with respect to x⇤

d. Furthermore, introduction of this length scale also

Towards the ultimate regime in Rayleigh-Darcy convection 3

h⇤ heated at the bottom below, ✓⇤(y⇤ = 0) = ✓⇤max, and cooled at the top above,
✓⇤(y⇤ = h⇤) = ✓⇤min. The evolution of the temperature field is controlled by the advection-
di↵usion equation

�
@✓⇤

@t⇤
+r · (u⇤✓⇤ � �Dr✓⇤) = 0 , (2.1)

where t⇤ is time, u⇤ = (u⇤, v⇤, w⇤) is the volume-averaged velocity field and D is the
thermal di↵usivity, which is considered constant here. The superscript ⇤ is used to
indicate dimensional variables. We assume that fluid density, ⇢⇤, is a linear function
of temperature,

⇢⇤(✓⇤) = ⇢⇤(✓⇤min)��⇢⇤
✓⇤ � ✓⇤min

✓⇤max � ✓⇤min

, (2.2)

with �⇢⇤ = ⇢⇤(✓⇤min) � ⇢⇤(✓⇤max). Assuming validity of the Boussinesq approxima-
tion (Landman & Schotting 2007; Zonta & Soldati 2018), the flow field is fully described
by the continuity and Darcy equations

r · u⇤ = 0 , u⇤ = �


µ
(rP ⇤ + ⇢⇤gj) , (2.3)

with µ the fluid viscosity (constant), P ⇤ the pressure, and j the vertical unit vector. The
walls are assumed to be impermeable and isothermal, and periodicity is assumed in the
wall-parallel directions.

2.1. Dimensionless equations

Natural velocity and length scales for the system are the buoyancy velocity, V ⇤ =
g�⇢⇤/µ, and the domain height, h⇤, respectively. Using the following set of dimension-
less variables,

✓ =
✓⇤ � ✓⇤min

✓⇤max � ✓⇤min

, t =
t⇤

�h⇤/V ⇤ , P =
P ⇤

�⇢⇤gh⇤ , (2.4)

and introducing the reduced pressure p⇤, we obtain the dimensionless form of the
governing equations (2.1),(2.3):

@✓

@t
+r ·

✓
u✓ �

1

Ra
r✓

◆
= 0, (2.5)

r · u = 0 , u = � (rp� ✓j) , (2.6)

where Ra = g�⇢⇤h⇤/(�Dµ) = V ⇤h⇤/(�D) is the Rayleigh-Darcy number. The wall
boundary conditions for velocity and temperature then read as

v(y = 0) = 0 , ✓(y = 0) = 1, (2.7a)

v(y = 1) = 0 , ✓(y = 1) = 0. (2.7b)

As previously mentioned, for the physical system investigated here, the buoyancy
velocity V ⇤ is a natural reference velocity scale (Fu et al. 2013; Wen et al. 2018). At the
same time, a possible reference length scale is the thickness of the porous layer x⇤

c = h⇤

(convective scaling). However, an alternative choice for the reference length scale, which is
perhaps more related to the physics of the phenomena under investigation, is x⇤

d = �D/V ⇤

(di↵usive-convective scaling). Note that x⇤
d represents the length over which advection

and di↵usion balance (Slim 2014), and is independent of the physical domain thickness.
When rescaled in the latter way, dimensions are bound in the range x⇤/x⇤

d 2 [0,Ra], and
comparison between simulations at di↵erent Ra is easier. For this reason, lengths in this
paper are rescaled with respect to x⇤

d. Furthermore, introduction of this length scale also

Equations

Boundary conditions

Pirozzoli, De Paoli, Zonta & Soldati, J. Fluid Mech. (2021)
De Paoli, Pirozzoli, Zonta & Soldati, J. Fluid Mech. (in press)

Additional details on spatial discretization

• Wall-normal direction:  hyperbolic tangent
stretching function

• Approximately 20 points within the thermal
boundary layer

• Horizontal directions: uniform spacing

• Fourier expansion along the horizontal periodic
directions yields a system of tridiagonal equations
in the wall-normal direction for each Fourier mode, 
which is then solved with standard highly efficient
numerical techniques 

The pressure field is determined by solving the 
Poisson equation resulting from the divergence-
free constraint:

S. Pirozzoli, M. De Paoli, F. Zonta and A. Soldati

where Ra = g!ρ∗κh∗/(φDµ) = V∗h∗/(φD) is the Rayleigh–Darcy number. The wall
boundary conditions for velocity and temperature then read as

v( y = 0) = 0, θ( y = 0) = 1, (2.7a)
v( y = 1) = 0, θ( y = 1) = 0. (2.7b)

As previously mentioned, for the physical system investigated here, the buoyancy
velocity V∗ is a natural reference velocity scale (Fu, Cueto-Felgueroso & Juanes 2013;
Wen et al. 2018). At the same time, a possible reference length scale is the thickness
of the porous layer, x∗

c = h∗ (convective scaling). However, an alternative choice for the
reference length scale, which is perhaps more related to the physics of the phenomena
under investigation, is x∗

d = φD/V∗ (diffusive–convective scaling). Note that x∗
d represents

the length over which advection and diffusion balance (Slim 2014), and is independent of
the physical domain thickness. When rescaled in the latter way, dimensions are bounded
within the range x∗/x∗

d ∈ [0, Ra], and comparison between simulations at different Ra is
easier. For this reason, lengths in this paper are rescaled with respect to x∗

d. Furthermore,
introduction of this length scale also yields another interpretation of the Rayleigh–Darcy
number, Ra = x∗

c/x∗
d, which may be regarded as the dimensionless height of the domain

(Slim 2014).

2.2. Computational details
The numerical simulations rely on the modified version of a second-order finite-difference
incompressible flow solver, based on staggered arrangement of the flow variables (Orlandi
2000), which has been extensively used for DNS of wall-bounded neutrally-buoyant and
unstably-stratified turbulent flows (Pirozzoli 2014; Pirozzoli et al. 2017). The temperature
transport equation is advanced in time by means of a hybrid third-order low-storage
Runge–Kutta algorithm, whereby the convective terms are handled explicitly and the
diffusive terms are handled implicitly, limited to the wall-normal direction. This approach
guarantees that the total temperature variance is discretely preserved in the limit of inviscid
flow. The pressure field in the forced Darcy equation is determined by solving the Poisson
equation resulting from the divergence-free constraint,

∇2p = ∂θ

∂y
, (2.8)

with ∂p/∂y = 0 at walls to satisfy the impermeability condition, which is then fed into
(2.6a,b). Fourier expansion along the horizontal periodic directions yields a system of
tridiagonal equations in the wall-normal direction for each Fourier mode, which is then
solved with standard highly efficient numerical techniques (Kim & Moin 1985; Orlandi
2000).

The mesh spacing in the wall-parallel directions was decided based on preliminary
grid-resolution studies at low Ra and inspection of the temperature spectra, to prevent
any energy pile-up at the smallest resolved flow scales. Regarding the resolution in
the wall-normal direction, we have followed the criterion that twenty points should be
placed within the thermal boundary layer edge, identified through the peak location of the
temperature variance, and grid points are clustered towards the walls using a hyperbolic
tangent stretching function. Given the expected linear growth of the temperature gradients,
the number of points in each coordinate direction was increased proportionally to Ra.
The time step is selected so that the CFL number is approximately unity for all the
simulations herein reported. Preliminary calculations, carried out at Ra ! 5 × 103, have
shown excellent agreement with the results of Hewitt et al. (2014).
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where Ra = g!ρ∗κh∗/(φDµ) = V∗h∗/(φD) is the Rayleigh–Darcy number. The wall
boundary conditions for velocity and temperature then read as

v( y = 0) = 0, θ( y = 0) = 1, (2.7a)
v( y = 1) = 0, θ( y = 1) = 0. (2.7b)

As previously mentioned, for the physical system investigated here, the buoyancy
velocity V∗ is a natural reference velocity scale (Fu, Cueto-Felgueroso & Juanes 2013;
Wen et al. 2018). At the same time, a possible reference length scale is the thickness
of the porous layer, x∗

c = h∗ (convective scaling). However, an alternative choice for the
reference length scale, which is perhaps more related to the physics of the phenomena
under investigation, is x∗

d = φD/V∗ (diffusive–convective scaling). Note that x∗
d represents

the length over which advection and diffusion balance (Slim 2014), and is independent of
the physical domain thickness. When rescaled in the latter way, dimensions are bounded
within the range x∗/x∗

d ∈ [0, Ra], and comparison between simulations at different Ra is
easier. For this reason, lengths in this paper are rescaled with respect to x∗

d. Furthermore,
introduction of this length scale also yields another interpretation of the Rayleigh–Darcy
number, Ra = x∗

c/x∗
d, which may be regarded as the dimensionless height of the domain

(Slim 2014).

2.2. Computational details
The numerical simulations rely on the modified version of a second-order finite-difference
incompressible flow solver, based on staggered arrangement of the flow variables (Orlandi
2000), which has been extensively used for DNS of wall-bounded neutrally-buoyant and
unstably-stratified turbulent flows (Pirozzoli 2014; Pirozzoli et al. 2017). The temperature
transport equation is advanced in time by means of a hybrid third-order low-storage
Runge–Kutta algorithm, whereby the convective terms are handled explicitly and the
diffusive terms are handled implicitly, limited to the wall-normal direction. This approach
guarantees that the total temperature variance is discretely preserved in the limit of inviscid
flow. The pressure field in the forced Darcy equation is determined by solving the Poisson
equation resulting from the divergence-free constraint,

∇2p = ∂θ

∂y
, (2.8)

with ∂p/∂y = 0 at walls to satisfy the impermeability condition, which is then fed into
(2.6a,b). Fourier expansion along the horizontal periodic directions yields a system of
tridiagonal equations in the wall-normal direction for each Fourier mode, which is then
solved with standard highly efficient numerical techniques (Kim & Moin 1985; Orlandi
2000).

The mesh spacing in the wall-parallel directions was decided based on preliminary
grid-resolution studies at low Ra and inspection of the temperature spectra, to prevent
any energy pile-up at the smallest resolved flow scales. Regarding the resolution in
the wall-normal direction, we have followed the criterion that twenty points should be
placed within the thermal boundary layer edge, identified through the peak location of the
temperature variance, and grid points are clustered towards the walls using a hyperbolic
tangent stretching function. Given the expected linear growth of the temperature gradients,
the number of points in each coordinate direction was increased proportionally to Ra.
The time step is selected so that the CFL number is approximately unity for all the
simulations herein reported. Preliminary calculations, carried out at Ra ! 5 × 103, have
shown excellent agreement with the results of Hewitt et al. (2014).
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High-resolution images, movies and slides are 
available upon request to m.depaoli@utwente.nl
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