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Motivation

Groundwater remediation, e.g., of light and dense non-aqueous 
petroleum liquids (LNAPL, DNAPL), resulting from spillage of fuels or 
chemicals

https://envirosouth.com/services/soil-groundwater-remediation/
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Experiments

De Paoli, M., Howland, C. J., Verzicco, R., & Lohse, D. (2024). Journal of Fluid Mechanics, 987, A1.
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Simulations

De Paoli, M., Howland, C. J., Verzicco, R., & Lohse, D. (2024). Journal of Fluid Mechanics, 987, A1.

pore-scale
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Simulations

De Paoli, M., Howland, C. J., Verzicco, R., & Lohse, D. (2024). Journal of Fluid Mechanics, 987, A1.

pore-scale Darcy scale
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Governing equations

Bear, J. Geophys. Res. (1961)
Wen, Chang & Hesse, Phys. Rev. Fluids (2018)

De Paoli, Yerragolam, Lohse & Verzicco, AFiD-Darcy, 
Comput. Phys. Comm. (2025) (code open sourced)

Solute mixing in porous media with dispersion and buoyancy 5

We consider the fluid density, d⇤, to be a linear function of the concentration:

d
⇤(⇠⇤) = d⇤(⇠⇤

min) + �d⇤
⇠
⇤ � ⇠⇤

min
�⇠⇤ , (2.3)

with �⇠⇤ = ⇠
⇤
max � ⇠⇤

min and �d⇤ = d
⇤(⇠⇤

max) � d
⇤(⇠⇤

min). Assuming the validity of the
Boussinesq approximation, which is reasonable for many situations of geophysical interest
(Landman & Schotting 2007), the flow field is fully described by the continuity and the
Darcy equations,

r⇤ · u⇤ = 0 , u⇤ = � 
`

(r⇤
%
⇤ + d⇤6k) , (2.4a, b)

with ` the fluid viscosity (constant), %⇤ the pressure and k the vertical unit vector. Since the
walls are impermeable to the fluid, the boundary condition reads

u⇤ · n = 0 )
(
F
⇤(I⇤ = �!⇤

I
/2) = 0

F
⇤(I⇤ = +!⇤

I
/2) = 0

(2.5)

with n the unit vector perpendicular to the boundary (note that slip at the walls is possible).
At the upper and lower walls, no flux (mI⇤⇠⇤ = 0) conditions are considered. Periodicity is
forced in the wall-parallel directions.

2.1. Dimensionless equations
A natural velocity scale relevant to the convective system examined is the buoyancy velocity,
U ⇤ = 6�d⇤ /`. After the onset of convection, fingers start to develop vertically from the
centreline (I⇤ = 0), and the domain height is relevant only after the fingers reach the walls.
Therefore, it may be convenient to make the equations dimensionless with respect to flow
units that are independent of the domain geometry. In particular, as proposed by Fu et al.
(2013), one can use as a reference length scale ✓⇤ = ⇡

⇤
<
/U ⇤, where the vertical domain

extension !⇤
I

is not included. Using these scales we obtain the following set of dimensionless
variables:

⇠ =
⇠
⇤ � ⇠⇤

min
⇠
⇤
max � ⇠⇤

min
, G =

G
⇤

✓
⇤ , u =

u⇤

U ⇤ , (2.6)

C =
C
⇤

q✓
⇤/U ⇤ , ? =

?
⇤

�d⇤6✓⇤
, (2.7)

where we introduced the reduced pressure ?⇤ = %
⇤ + d⇤(⇠⇤

min)6I⇤, we finally derive the
dimensionless form of the governing equations (2.1)-(2.4):

m⇠

mC

+ u · r⇠ = r · (Dr⇠) (2.8)

r · u = 0, (2.9)

u = � (r? + ⇠k) , (2.10)
where

Ra =
6�d⇤ !⇤

I

q⇡
⇤
<
`

=
U ⇤

!
⇤
I

q⇡
⇤
<

(2.11)

is the Rayleigh-Darcy number (indicated as Rayleigh number in the following). Finally, the
dispersion tensor D⇤ introduced in (2.2) and expressed in dimensionless form reads:

D = I + 1
�


(A � 1)uuT

|u| + |u|I
�
, (2.12)
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where

� =
⇡

⇤
<

⇡
⇤
C

, A =
⇡

⇤
;

⇡
⇤
C

=
U
⇤
;

U
⇤
C

(2.13)

with⇡⇤
<

the molecular diffusion coefficient,⇡⇤
C
= U

⇤
C
U ⇤ the transverse dispersion coefficient,

⇡
⇤
;
= U

⇤
;
U ⇤ the longitudinal dispersion coefficient and A the dispersivity ratio. The flow

is completely defined by four dimensionless parameters: Ra, ! = !
⇤
G
/✓⇤, � and A . This

formulation is similar to that proposed by Wen et al. (2018). However, in this case the
governing parameter Ra does not appear explicitly in the equations, and it corresponds to
the dimensionless domain height (Ra = !

⇤
I
/✓⇤, see also figure 1). In addition, provided ! is

sufficiently large to allow the formation of multiple flow structures and minimize the effects
of the periodic forcing, the flow is also independent of ! itself.

2.2. Numerical solution of the equations
The set of equations (2.8)-(2.10) is solved numerically with the aid of the second-order
finite difference code AFiD-Darcy open-sourced by our research group (De Paoli 2025).
The code consists of an efficient solver for massively-parallel simulations of convective,
wall-bounded and incompressible porous media flows, and it is based on the initial version
of AFiD developed for turbulent flows (Van Der Poel et al. 2015). The algorithm is based
on a pressure-correction scheme and employs an efficient Fast Fourier Transform-based
solver. The parallelization method is implemented in a two-dimensional pencil-like domain
decomposition, which enables efficient parallel large-scale simulations. The implementation
in absence of dispersion was validated against different canonical flows in porous media,
including Rayleigh-Taylor instability (Boffetta et al. 2020). Additional numerical details on
the solution algorithm are provided by De Paoli et al. (2025a). In addition, in this work we
solve the flow including the effect of dispersion (2.12) (see Appendix B.1 for further details on
the numerical treatment of the dispersive terms). The algorithm with dispersion is validated
against the work of Wen et al. (2018) repeating their simulations in Rayleigh-Bénard-Darcy
configuration, and comparing the results in terms of molecular, dispersive and total Nusselt
numbers.

We employ here a uniform grid spacing with cells of size �G ⇡ �I < 10 (expressed in
dimensionless units as discussed in §2.1), in horizontal and vertical directions, respectively.
Present simulations are over-resolved compared to the minimum requirements of the case
without dispersion (corresponding to �G = �I = 15.625, see De Paoli et al. 2025a). The
minimum number of grid points in vertical direction used here is 128, making the grid even
further over-resolved in the low-Ra case. In the horizontal direction, the domain size is fixed
(! = 105), as well as its resolution (#G = 10240, �G = !/#G < 10), for all simulations
except for the smallest � considered here (� = 5⇥ 10�2), for which the resolution is doubled
and the domain width halved in order to keep the computational cost affordable. The details
of all simulations performed are listed in table 1. The flow is initialized with a step-like
profile obtained from the analytical diffusive solution (2.8). Additional details on the initial
condition and the grid requirements are also provided in Appendix B.2.

3. Global budgets and mixing indicators
Exact global conservation equations relative to the transport of the scalar quantity can be
derived and employed to investigate the mixing process. We consider here the case of an
incompressible and dispersive flow governed by equations (2.8)-(2.12), and we derive the
first and second order global budgets in §3.1 and §3.2, respectively. Finally, we introduce the
degree of mixing, representative of the current mixing state of the system in §3.3.
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Figure 1: Sketch of the flow configuration with all quantities shown in dimensionless units. An example of
initial concentration field, ⇠, consisting of a heavy fluid layer with maximum solute concentration at top
(⇠ = 1) and minimum at bottom (⇠ = 0), is shown. The flow reference frame (G, I), the boundary conditions
and the direction of the gravity acceleration (g) are indicated, as well as the domain size in horizontal (!)
and vertical (Ra) directions.

2. Methodology
We study a convective flow in a porous medium at the Darcy scale. In this framework, the
equations are written for quantities averaged over a Reference Elementary Volume (REV)
(Whitaker 1998), consisting of an intermediate scale larger than the individual pores, but
smaller than the characteristic size of the flow structures. These conditions are achieved when:
(i) the dissipative mechanisms, as molecular diffusion and viscous dissipation, dominate over
inertia (De Paoli 2023); and (ii) flow structures are large compared to the characteristic pore-
size (Hewitt 2020). Additional corrective terms, which will not be considered in this work
because relative to high-speed flows, may be accounted to include effects like inertia (Nield
& Bejan 2006).

We consider a fluid-saturated porous medium in a two-dimensional domain having uniform
porosity q and permeability  . We assume the flow is incompressible and governed by the
Darcy equation, and it is characterized by an unstable density difference (�d⇤) induced
by the presence of a solute concentration field, ⇠⇤ (the superscript ⇤ is used to indicate
dimensional variables). The system is periodic in horizontal direction G⇤ and confined by
two walls that are impermeable to fluid and solute in vertical direction I

⇤, along which
the gravitational acceleration g acts. The domain extension is !⇤

G
and !⇤

I
in horizontal and

vertical directions, respectively. A sketch of the computational domain with indication of
the boundary conditions is reported in figure 1. The scalar field ⇠⇤ varies between ⇠⇤

min and
⇠
⇤
max. The evolution of this field is controlled by the advection-dispersion equation (Nield &

Bejan 2006)

q
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mC
⇤ + u⇤ · r⇤

⇠
⇤ = r⇤ · (qD⇤r⇤

⇠
⇤) , (2.1)

where C⇤ is time and u⇤ = (D⇤,F⇤) is the velocity field. The effect of dispersion is accounted
by the hydrodynamic dispersion tensor D⇤ that depends on the local flow conditions. We
follow the formulation proposed by Bear (1961) and later widely employed (Bear & Bachmat
2012; Emami-Meybodi 2017; Wen et al. 2018) to model dispersion effects, and D⇤ reads:

D⇤ = ⇡⇤
<

I + (U⇤
;
� U⇤

C
)u⇤(u⇤)T

|u⇤ | + U⇤
C
I |u⇤ | (2.2)

where I is the identity matrix, ⇡⇤
<

the molecular diffusion coefficient, U⇤
;

the longitudinal
dispersivity and U⇤

C
the transverse dispersivity (where U⇤

;
> U

⇤
C
, Delgado 2007). Note that the

advection-diffusion form of the tensor (D⇤ = ⇡⇤
<

I) is recovered when u⇤
U
⇤
;
/⇡⇤

<
⌧ 1.
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dispersion tensor D⇤ introduced in (2.2) and expressed in dimensionless form reads:

D = I + 1
�


(A � 1)uuT

|u| + |u|I
�
, (2.12)

convection dispersion



De Paoli Marco, Multiscale modelling of convection in porous media with dispersion 9

No dispersion (∆➝∞)     

8 De Paoli M., Yerragolam G.S., Verzicco R. & Lohse D.

and then:
mh⇠i
mC

= 0. (3.5)

3.2. Second order global budget
Following previous works on convection in semi-infinite layers (Hidalgo et al. 2012),
Rayleigh-Bénard flows (Otero et al. 2004; Hassanzadeh et al. 2014; Zhu et al. 2024; Hu
& Yang 2024) and Hele-Shaw flows (Letelier et al. 2019; Ulloa & Letelier 2022; Ulloa et al.
2025), we multiply equation (2.8) by ⇠ and apply the volume average operator h·i. We use
the divergence theorem and the incompressibility of the flow to derive the global budget
(De Paoli 2023):

1
2
mh⇠2i
mC

=
1
+

π
(

⇥
(⇠Dr⇠)

I=� Ra/2 + (⇠Dr⇠)
I=+Ra/2

⇤
· n d( � h(r⇠) · (Dr⇠)i, (3.6)

=
1

Ra

h
�(⇠�)

I=� Ra/2 + (⇠�)
I=+Ra/2

i
� h(r⇠) · (Dr⇠)i (3.7)

with n unit vector normal to the boundary. Since we refer to a Rayleigh-Taylor configuration,
i.e., mI⇠ (I = ±Ra/2) = 0, we have that

1
2
mh⇠2i
mC

= �h(r⇠) · (Dr⇠)i. (3.8)

Inspired by the GL theory (Grossmann & Lohse 2000, 2001) where the key idea is to
spatially split the viscous dissipation rate into boundary layer and bulk contributions, here
we will divide the scalar dissipation into two parts, ascribed to the molecular and dispersive
components of the dispersion tensor. Detlef: please let me know if you are happy with this
last sentence. Roberto and I are not sure it is clear and should be included. Expressed in
terms of mean scalar dissipation, (3.8) reads:

1
2
mh⇠2i
mC

= � 1
Ra

j, (3.9)

where

j = j< + j3 , j< = Rah|r⇠ |2i, j3 = Rah(r⇠) · (Dr⇠) � |r⇠ |2i. (3.10a, b, c)
The components of the mean scalar dissipation introduced in (3.10) are defined as the total,
molecular and dispersive contributions, respectively. Note that in absence of dispersion
(� ! 1) we obtain D = ⇡

⇤
<

I and then j3 = 0. The choice to introduce Ra in the definition
of mean dissipation is required to obtain results that are self-similar when different Ra are
considered, i.e., to make the results independent of the domain height until the fingers reach
the horizontal boundaries (De Paoli et al. 2019a). In dimensional terms, the components of
the mean dissipation defined in (3.10) read:

j
⇤ =

(U ⇤�⇠⇤)2

q⇡
⇤
<

j, j
⇤
<
=

(U ⇤�⇠⇤)2

q⇡
⇤
<

j<, j
⇤
3
=

(U ⇤�⇠⇤)2

q⇡
⇤
<

j3 .

Note that the quantity

j< Ra =
j
⇤
<

U ⇤(�⇠⇤)2/�⇤ (3.12)

matches to the definition of dissipation provided by De Paoli et al. (2024), with the exception
of the porosity q, not present here because the flow is analysed at the Darcy scale.
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We consider the fluid density, d⇤, to be a linear function of the concentration:

d
⇤(⇠⇤) = d⇤(⇠⇤

min) + �d⇤
⇠
⇤ � ⇠⇤

min
�⇠⇤ , (2.3)

with �⇠⇤ = ⇠
⇤
max � ⇠⇤

min and �d⇤ = d
⇤(⇠⇤

max) � d
⇤(⇠⇤

min). Assuming the validity of the
Boussinesq approximation, which is reasonable for many situations of geophysical interest
(Landman & Schotting 2007), the flow field is fully described by the continuity and the
Darcy equations,

r⇤ · u⇤ = 0 , u⇤ = � 
`

(r⇤
%
⇤ + d⇤6k) , (2.4a, b)

with ` the fluid viscosity (constant), %⇤ the pressure and k the vertical unit vector. Since the
walls are impermeable to the fluid, the boundary condition reads

u⇤ · n = 0 )
(
F
⇤(I⇤ = �!⇤

I
/2) = 0

F
⇤(I⇤ = +!⇤

I
/2) = 0

(2.5)

with n the unit vector perpendicular to the boundary (note that slip at the walls is possible).
At the upper and lower walls, no flux (mI⇤⇠⇤ = 0) conditions are considered. Periodicity is
forced in the wall-parallel directions.

2.1. Dimensionless equations
A natural velocity scale relevant to the convective system examined is the buoyancy velocity,
U ⇤ = 6�d⇤ /`. After the onset of convection, fingers start to develop vertically from the
centreline (I⇤ = 0), and the domain height is relevant only after the fingers reach the walls.
Therefore, it may be convenient to make the equations dimensionless with respect to flow
units that are independent of the domain geometry. In particular, as proposed by Fu et al.
(2013), one can use as a reference length scale ✓⇤ = ⇡

⇤
<
/U ⇤, where the vertical domain

extension !⇤
I

is not included. Using these scales we obtain the following set of dimensionless
variables:

⇠ =
⇠
⇤ � ⇠⇤

min
⇠
⇤
max � ⇠⇤

min
, G =

G
⇤

✓
⇤ , u =

u⇤

U ⇤ , (2.6)

C =
C
⇤

q✓
⇤/U ⇤ , ? =

?
⇤

�d⇤6✓⇤
, (2.7)

where we introduced the reduced pressure ?⇤ = %
⇤ + d⇤(⇠⇤

min)6I⇤, we finally derive the
dimensionless form of the governing equations (2.1)-(2.4):

m⇠

mC

+ u · r⇠ = r · (Dr⇠) (2.8)

r · u = 0, (2.9)

u = � (r? + ⇠k) , (2.10)
where

Ra =
6�d⇤ !⇤

I

q⇡
⇤
<
`

=
U ⇤

!
⇤
I

q⇡
⇤
<

(2.11)

is the Rayleigh-Darcy number (indicated as Rayleigh number in the following). Finally, the
dispersion tensor D⇤ introduced in (2.2) and expressed in dimensionless form reads:

D = I + 1
�


(A � 1)uuT

|u| + I |u|
�
, (2.12)
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Figure 2: Evolution of the molecular mean scalar dissipation j< in absence of dispersion and for different
Rayleigh numbers, Ra (solid lines). The flow evolution is independent of Ra until flow field of the fingers
is significantly influenced by the presence of the horizontal walls. The analytical diffusive solution (4.2) is
also reported (dotted line).

(Ra 6 103), the dynamics is soon influenced by the presence of the walls, and convective
instabilities may not form or only partially develop.

In the following, to analyse in detail the flow dynamics, we will focus on the simulation
at Ra = 104, which serves also as a reference for the dispersive cases studied in §5 and §6.
The system behaviour relative to different Ra can be inferred from the analysis presented.
The flow evolution is initially characterized by inspecting the concentration fields and the
concentration profiles in figure 3, together with the corresponding mixing indicators in
figure 4. The process is also illustrated in Movie S1 of the electronic supplementary material.
We identified several flow regimes characterizing the evolution of the system, which we
discuss individually in the following.

The flow is initialized with a step-like concentration profile (figure 3a) with a thin interface
dividing the two fluid layers and no flows (u = 0). Therefore, the interface will initially grow
driven by diffusion, making the concentration gradient (and then the mean scalar dissipation
j = j<, see figure 4a) progressively reduce. This trend continues until the first convective
instabilities appear at C ⇡ 103, see figure 3(b-iii). Similarly to what has been previously
observed in convection in semi-infinite domains (Elenius & Johannsen 2012), the precise
time at which this growth starts, as well as the maximum values of scalar dissipation later
achieved, depend on the initial perturbation. However, the overall dynamics is qualitatively
comparable to the one described here for the initial condition considered discussed in detail
in Appendix B.2. The flow is initially purely controlled by diffusion. An analytical solution
of the advection-dispersion equation (2.8) can be obtained in absence of convection (u = 0)
and assuming homogeneity in wall-parallel directions (mG · = 0), which reads (De Paoli et al.
2019b):

⇠ (I, C) = 1
2


1 + erf

✓
I

2
p
C

◆�
. (4.1)

Results relative to the horizontally-averaged concentration profiles reported in figure 5(b)
indicate an excellent agreement with (4.1) (dashed line). Employing (4.1) in the defini-
tion (3.10), it follows that the contributions of the mean scalar dissipation during the initial
phase (assuming u = 0) are

j< =
1p
8cC

, j3 = 0, j =
1p
8cC

, (4.2a, b, c)

and they are very well captured by the simulation (see figure 4a). Correspondingly, equa-
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We consider the fluid density, d⇤, to be a linear function of the concentration:

d
⇤(⇠⇤) = d⇤(⇠⇤

min) + �d⇤
⇠
⇤ � ⇠⇤

min
�⇠⇤ , (2.3)

with �⇠⇤ = ⇠
⇤
max � ⇠⇤

min and �d⇤ = d
⇤(⇠⇤

max) � d
⇤(⇠⇤

min). Assuming the validity of the
Boussinesq approximation, which is reasonable for many situations of geophysical interest
(Landman & Schotting 2007), the flow field is fully described by the continuity and the
Darcy equations,

r⇤ · u⇤ = 0 , u⇤ = � 
`

(r⇤
%
⇤ + d⇤6k) , (2.4a, b)

with ` the fluid viscosity (constant), %⇤ the pressure and k the vertical unit vector. Since the
walls are impermeable to the fluid, the boundary condition reads

u⇤ · n = 0 )
(
F
⇤(I⇤ = �!⇤

I
/2) = 0

F
⇤(I⇤ = +!⇤

I
/2) = 0

(2.5)

with n the unit vector perpendicular to the boundary (note that slip at the walls is possible).
At the upper and lower walls, no flux (mI⇤⇠⇤ = 0) conditions are considered. Periodicity is
forced in the wall-parallel directions.

2.1. Dimensionless equations
A natural velocity scale relevant to the convective system examined is the buoyancy velocity,
U ⇤ = 6�d⇤ /`. After the onset of convection, fingers start to develop vertically from the
centreline (I⇤ = 0), and the domain height is relevant only after the fingers reach the walls.
Therefore, it may be convenient to make the equations dimensionless with respect to flow
units that are independent of the domain geometry. In particular, as proposed by Fu et al.
(2013), one can use as a reference length scale ✓⇤ = ⇡

⇤
<
/U ⇤, where the vertical domain

extension !⇤
I

is not included. Using these scales we obtain the following set of dimensionless
variables:

⇠ =
⇠
⇤ � ⇠⇤

min
⇠
⇤
max � ⇠⇤

min
, G =

G
⇤

✓
⇤ , u =

u⇤

U ⇤ , (2.6)

C =
C
⇤

q✓
⇤/U ⇤ , ? =

?
⇤

�d⇤6✓⇤
, (2.7)

where we introduced the reduced pressure ?⇤ = %
⇤ + d⇤(⇠⇤

min)6I⇤, we finally derive the
dimensionless form of the governing equations (2.1)-(2.4):

m⇠

mC

+ u · r⇠ = r · (Dr⇠) (2.8)

r · u = 0, (2.9)

u = � (r? + ⇠k) , (2.10)
where

Ra =
6�d⇤ !⇤

I

q⇡
⇤
<
`

=
U ⇤

!
⇤
I

q⇡
⇤
<

(2.11)

is the Rayleigh-Darcy number (indicated as Rayleigh number in the following). Finally, the
dispersion tensor D⇤ introduced in (2.2) and expressed in dimensionless form reads:

D = I + 1
�


(A � 1)uuT

|u| + I |u|
�
, (2.12)
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Figure 14: Evolution of the mean scalar dissipation for different values of A. The red line refers to the case in
absence of dispersion. The molecular (j<), dispersive (j

3
) and total dissipation (j = j< + j

3
) are reported

in panels (a), (b) and (c), respectively. The initial diffusive solution (4.3) (dotted line) is also indicated.

of A leading to an earlier growth compared to larger values of A. After formation, fingers
grow vertically eventually interacting with neighbouring flow structures. The concentration
gradients across the fingers interface reduce as A is increased (figure 12), and so does the
molecular component of the dissipation, j<, as it appears from figure 14(a).

As discussed in §6.1, the fingers grow at an approximately constant rate (U = 0.48)
that is lower compared to the case without dispersion (U = 0.64). We can infer this also
from the dissipation curves in figure 14: the maximum of each curve is achieved at nearly
the same time (C ⇡ 3 ⇥ 104). However, the maximum value of dispersive dissipation j3

is remarkably affected by A, as one would expect looking at the form of the dispersion
tensor (2.12). For � = 0.1 considered here, when C > 4 ⇥ 103 the dispersive component of
the mean scalar dissipation is always dominant compared to the molecular counterpart. As
a result of the interplay between molecular and dispersive dissipation, the behaviour of the
total dissipation j, reported in figure 14(c), suggests that initially the mixing process is less
efficient compared to the case without dispersion (� ! 1, red line). In turn, for long times
and after the fingers have reached the walls, j remains higher in the cases with dispersion,
with important consequences on the degree of mixing.

The evolution of the degree of mixing (") for different values of A is shown in figure 15. At
very early times (C 6 1500) (see the inset of figure 15a), the degree of mixing is larger in the
simulations with dispersion, due to the earlier onset of convection previously described. The
fingers develop slower and within wider spaces compared to the case without dispersion: the
gradients of concentration across the fingers interface are smaller, corresponding to values
of j< that decrease with A . Later, the dispersive mixing increases in time and also with A .
As a result of the interplay of these processes, the following dynamics appears: (i) the total
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Figure 14: Evolution of the mean scalar dissipation for different values of A. The red line refers to the case in
absence of dispersion. The molecular (j<), dispersive (j

3
) and total dissipation (j = j< + j

3
) are reported

in panels (a), (b) and (c), respectively. The initial diffusive solution (4.3) (dotted line) is also indicated.

of A leading to an earlier growth compared to larger values of A. After formation, fingers
grow vertically eventually interacting with neighbouring flow structures. The concentration
gradients across the fingers interface reduce as A is increased (figure 12), and so does the
molecular component of the dissipation, j<, as it appears from figure 14(a).

As discussed in §6.1, the fingers grow at an approximately constant rate (U = 0.48)
that is lower compared to the case without dispersion (U = 0.64). We can infer this also
from the dissipation curves in figure 14: the maximum of each curve is achieved at nearly
the same time (C ⇡ 3 ⇥ 104). However, the maximum value of dispersive dissipation j3

is remarkably affected by A, as one would expect looking at the form of the dispersion
tensor (2.12). For � = 0.1 considered here, when C > 4 ⇥ 103 the dispersive component of
the mean scalar dissipation is always dominant compared to the molecular counterpart. As
a result of the interplay between molecular and dispersive dissipation, the behaviour of the
total dissipation j, reported in figure 14(c), suggests that initially the mixing process is less
efficient compared to the case without dispersion (� ! 1, red line). In turn, for long times
and after the fingers have reached the walls, j remains higher in the cases with dispersion,
with important consequences on the degree of mixing.

The evolution of the degree of mixing (") for different values of A is shown in figure 15. At
very early times (C 6 1500) (see the inset of figure 15a), the degree of mixing is larger in the
simulations with dispersion, due to the earlier onset of convection previously described. The
fingers develop slower and within wider spaces compared to the case without dispersion: the
gradients of concentration across the fingers interface are smaller, corresponding to values
of j< that decrease with A . Later, the dispersive mixing increases in time and also with A .
As a result of the interplay of these processes, the following dynamics appears: (i) the total
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and then:
mh⇠i
mC

= 0. (3.5)

3.2. Second order global budget
Following previous works on convection in semi-infinite layers (Hidalgo et al. 2012),
Rayleigh-Bénard flows (Otero et al. 2004; Hassanzadeh et al. 2014; Zhu et al. 2024; Hu
& Yang 2024) and Hele-Shaw flows (Letelier et al. 2019; Ulloa & Letelier 2022; Ulloa et al.
2025), we multiply equation (2.8) by ⇠ and apply the volume average operator h·i. We use
the divergence theorem and the incompressibility of the flow to derive the global budget
(De Paoli 2023):

1
2
mh⇠2i
mC

=
1
+

π
(

⇥
(⇠Dr⇠)

I=� Ra/2 + (⇠Dr⇠)
I=+Ra/2

⇤
· n d( � h(r⇠) · (Dr⇠)i, (3.6)

=
1

Ra

h
�(⇠�)

I=� Ra/2 + (⇠�)
I=+Ra/2

i
� h(r⇠) · (Dr⇠)i (3.7)

with n unit vector normal to the boundary. Since we refer to a Rayleigh-Taylor configuration,
i.e., mI⇠ (I = ±Ra/2) = 0, we have that

1
2
mh⇠2i
mC

= �h(r⇠) · (Dr⇠)i. (3.8)

Inspired by the GL theory (Grossmann & Lohse 2000, 2001) where the key idea is to
spatially split the viscous dissipation rate into boundary layer and bulk contributions, here
we will divide the scalar dissipation into two parts, ascribed to the molecular and dispersive
components of the dispersion tensor. Detlef: please let me know if you are happy with this
last sentence. Roberto and I are not sure it is clear and should be included. Expressed in
terms of mean scalar dissipation, (3.8) reads:

1
2
mh⇠2i
mC

= � 1
Ra

j, (3.9)

where

j = j< + j3 , j< = Rah|r⇠ |2i, j3 = Rah(r⇠) · (Dr⇠) � |r⇠ |2i. (3.10a, b, c)
The components of the mean scalar dissipation introduced in (3.10) are defined as the total,
molecular and dispersive contributions, respectively. Note that in absence of dispersion
(� ! 1) we obtain D = ⇡

⇤
<

I and then j3 = 0. The choice to introduce Ra in the definition
of mean dissipation is required to obtain results that are self-similar when different Ra are
considered, i.e., to make the results independent of the domain height until the fingers reach
the horizontal boundaries (De Paoli et al. 2019a). In dimensional terms, the components of
the mean dissipation defined in (3.10) read:

j
⇤ =

(U ⇤�⇠⇤)2

q⇡
⇤
<

j, j
⇤
<
=

(U ⇤�⇠⇤)2

q⇡
⇤
<

j<, j
⇤
3
=

(U ⇤�⇠⇤)2

q⇡
⇤
<

j3 .

Note that the quantity

j< Ra =
j
⇤
<

U ⇤(�⇠⇤)2/�⇤ (3.12)

matches to the definition of dissipation provided by De Paoli et al. (2024), with the exception
of the porosity q, not present here because the flow is analysed at the Darcy scale.
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Figure 2: Evolution of the molecular mean scalar dissipation j< in absence of dispersion and for different
Rayleigh numbers, Ra (solid lines). The flow evolution is independent of Ra until flow field of the fingers
is significantly influenced by the presence of the horizontal walls. The analytical diffusive solution (4.2) is
also reported (dotted line).

(Ra 6 103), the dynamics is soon influenced by the presence of the walls, and convective
instabilities may not form or only partially develop.

In the following, to analyse in detail the flow dynamics, we will focus on the simulation
at Ra = 104, which serves also as a reference for the dispersive cases studied in §5 and §6.
The system behaviour relative to different Ra can be inferred from the analysis presented.
The flow evolution is initially characterized by inspecting the concentration fields and the
concentration profiles in figure 3, together with the corresponding mixing indicators in
figure 4. The process is also illustrated in Movie S1 of the electronic supplementary material.
We identified several flow regimes characterizing the evolution of the system, which we
discuss individually in the following.

The flow is initialized with a step-like concentration profile (figure 3a) with a thin interface
dividing the two fluid layers and no flows (u = 0). Therefore, the interface will initially grow
driven by diffusion, making the concentration gradient (and then the mean scalar dissipation
j = j<, see figure 4a) progressively reduce. This trend continues until the first convective
instabilities appear at C ⇡ 103, see figure 3(b-iii). Similarly to what has been previously
observed in convection in semi-infinite domains (Elenius & Johannsen 2012), the precise
time at which this growth starts, as well as the maximum values of scalar dissipation later
achieved, depend on the initial perturbation. However, the overall dynamics is qualitatively
comparable to the one described here for the initial condition considered discussed in detail
in Appendix B.2. The flow is initially purely controlled by diffusion. An analytical solution
of the advection-dispersion equation (2.8) can be obtained in absence of convection (u = 0)
and assuming homogeneity in wall-parallel directions (mG · = 0), which reads (De Paoli et al.
2019b):

⇠ (I, C) = 1
2


1 + erf

✓
I

2
p
C

◆�
. (4.1)

Results relative to the horizontally-averaged concentration profiles reported in figure 5(b)
indicate an excellent agreement with (4.1) (dashed line). Employing (4.1) in the defini-
tion (3.10), it follows that the contributions of the mean scalar dissipation during the initial
phase (assuming u = 0) are

j< =
1p
8cC

, j3 = 0, j =
1p
8cC

, (4.2a, b, c)

and they are very well captured by the simulation (see figure 4a). Correspondingly, equa-
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We consider the fluid density, d⇤, to be a linear function of the concentration:

d
⇤(⇠⇤) = d⇤(⇠⇤

min) + �d⇤
⇠
⇤ � ⇠⇤

min
�⇠⇤ , (2.3)

with �⇠⇤ = ⇠
⇤
max � ⇠⇤

min and �d⇤ = d
⇤(⇠⇤

max) � d
⇤(⇠⇤

min). Assuming the validity of the
Boussinesq approximation, which is reasonable for many situations of geophysical interest
(Landman & Schotting 2007), the flow field is fully described by the continuity and the
Darcy equations,

r⇤ · u⇤ = 0 , u⇤ = � 
`

(r⇤
%
⇤ + d⇤6k) , (2.4a, b)

with ` the fluid viscosity (constant), %⇤ the pressure and k the vertical unit vector. Since the
walls are impermeable to the fluid, the boundary condition reads

u⇤ · n = 0 )
(
F
⇤(I⇤ = �!⇤

I
/2) = 0

F
⇤(I⇤ = +!⇤

I
/2) = 0

(2.5)

with n the unit vector perpendicular to the boundary (note that slip at the walls is possible).
At the upper and lower walls, no flux (mI⇤⇠⇤ = 0) conditions are considered. Periodicity is
forced in the wall-parallel directions.

2.1. Dimensionless equations
A natural velocity scale relevant to the convective system examined is the buoyancy velocity,
U ⇤ = 6�d⇤ /`. After the onset of convection, fingers start to develop vertically from the
centreline (I⇤ = 0), and the domain height is relevant only after the fingers reach the walls.
Therefore, it may be convenient to make the equations dimensionless with respect to flow
units that are independent of the domain geometry. In particular, as proposed by Fu et al.
(2013), one can use as a reference length scale ✓⇤ = ⇡

⇤
<
/U ⇤, where the vertical domain

extension !⇤
I

is not included. Using these scales we obtain the following set of dimensionless
variables:

⇠ =
⇠
⇤ � ⇠⇤

min
⇠
⇤
max � ⇠⇤

min
, G =

G
⇤

✓
⇤ , u =

u⇤

U ⇤ , (2.6)

C =
C
⇤

q✓
⇤/U ⇤ , ? =

?
⇤

�d⇤6✓⇤
, (2.7)

where we introduced the reduced pressure ?⇤ = %
⇤ + d⇤(⇠⇤

min)6I⇤, we finally derive the
dimensionless form of the governing equations (2.1)-(2.4):

m⇠

mC

+ u · r⇠ = r · (Dr⇠) (2.8)

r · u = 0, (2.9)

u = � (r? + ⇠k) , (2.10)
where

Ra =
6�d⇤ !⇤

I

q⇡
⇤
<
`

=
U ⇤

!
⇤
I

q⇡
⇤
<

(2.11)

is the Rayleigh-Darcy number (indicated as Rayleigh number in the following). Finally, the
dispersion tensor D⇤ introduced in (2.2) and expressed in dimensionless form reads:

D = I + 1
�


(A � 1)uuT

|u| + I |u|
�
, (2.12)
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and then:
mh⇠i
mC

= 0. (3.5)

3.2. Second order global budget
Following previous works on convection in semi-infinite layers (Hidalgo et al. 2012),
Rayleigh-Bénard flows (Otero et al. 2004; Hassanzadeh et al. 2014; Zhu et al. 2024; Hu
& Yang 2024) and Hele-Shaw flows (Letelier et al. 2019; Ulloa & Letelier 2022; Ulloa et al.
2025), we multiply equation (2.8) by ⇠ and apply the volume average operator h·i. We use
the divergence theorem and the incompressibility of the flow to derive the global budget
(De Paoli 2023):

1
2
mh⇠2i
mC

=
1
+

π
(

⇥
(⇠Dr⇠)

I=� Ra/2 + (⇠Dr⇠)
I=+Ra/2

⇤
· n d( � h(r⇠) · (Dr⇠)i, (3.6)

=
1

Ra

h
�(⇠�)

I=� Ra/2 + (⇠�)
I=+Ra/2

i
� h(r⇠) · (Dr⇠)i (3.7)

with n unit vector normal to the boundary. Since we refer to a Rayleigh-Taylor configuration,
i.e., mI⇠ (I = ±Ra/2) = 0, we have that

1
2
mh⇠2i
mC

= �h(r⇠) · (Dr⇠)i. (3.8)

Inspired by the GL theory (Grossmann & Lohse 2000, 2001) where the key idea is to
spatially split the viscous dissipation rate into boundary layer and bulk contributions, here
we will divide the scalar dissipation into two parts, ascribed to the molecular and dispersive
components of the dispersion tensor. Detlef: please let me know if you are happy with this
last sentence. Roberto and I are not sure it is clear and should be included. Expressed in
terms of mean scalar dissipation, (3.8) reads:

1
2
mh⇠2i
mC

= � 1
Ra

j, (3.9)

where

j = j< + j3 , j< = Rah|r⇠ |2i, j3 = Rah(r⇠) · (Dr⇠) � |r⇠ |2i. (3.10a, b, c)
The components of the mean scalar dissipation introduced in (3.10) are defined as the total,
molecular and dispersive contributions, respectively. Note that in absence of dispersion
(� ! 1) we obtain D = ⇡

⇤
<

I and then j3 = 0. The choice to introduce Ra in the definition
of mean dissipation is required to obtain results that are self-similar when different Ra are
considered, i.e., to make the results independent of the domain height until the fingers reach
the horizontal boundaries (De Paoli et al. 2019a). In dimensional terms, the components of
the mean dissipation defined in (3.10) read:

j
⇤ =

(U ⇤�⇠⇤)2

q⇡
⇤
<

j, j
⇤
<
=

(U ⇤�⇠⇤)2

q⇡
⇤
<

j<, j
⇤
3
=

(U ⇤�⇠⇤)2

q⇡
⇤
<

j3 .

Note that the quantity

j< Ra =
j
⇤
<

U ⇤(�⇠⇤)2/�⇤ (3.12)

matches to the definition of dissipation provided by De Paoli et al. (2024), with the exception
of the porosity q, not present here because the flow is analysed at the Darcy scale.
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and then:
mh⇠i
mC

= 0. (3.5)

3.2. Second order global budget
Following previous works on convection in semi-infinite layers (Hidalgo et al. 2012),
Rayleigh-Bénard flows (Otero et al. 2004; Hassanzadeh et al. 2014; Zhu et al. 2024; Hu
& Yang 2024) and Hele-Shaw flows (Letelier et al. 2019; Ulloa & Letelier 2022; Ulloa et al.
2025), we multiply equation (2.8) by ⇠ and apply the volume average operator h·i. We use
the divergence theorem and the incompressibility of the flow to derive the global budget
(De Paoli 2023):

1
2
mh⇠2i
mC

=
1
+

π
(

⇥
(⇠Dr⇠)

I=� Ra/2 + (⇠Dr⇠)
I=+Ra/2

⇤
· n d( � h(r⇠) · (Dr⇠)i, (3.6)

=
1

Ra

h
�(⇠�)

I=� Ra/2 + (⇠�)
I=+Ra/2

i
� h(r⇠) · (Dr⇠)i (3.7)

with n unit vector normal to the boundary. Since we refer to a Rayleigh-Taylor configuration,
i.e., mI⇠ (I = ±Ra/2) = 0, we have that

1
2
mh⇠2i
mC

= �h(r⇠) · (Dr⇠)i. (3.8)

Inspired by the GL theory (Grossmann & Lohse 2000, 2001) where the key idea is to
spatially split the viscous dissipation rate into boundary layer and bulk contributions, here
we will divide the scalar dissipation into two parts, ascribed to the molecular and dispersive
components of the dispersion tensor. Detlef: please let me know if you are happy with this
last sentence. Roberto and I are not sure it is clear and should be included. Expressed in
terms of mean scalar dissipation, (3.8) reads:

1
2
mh⇠2i
mC

= � 1
Ra

j, (3.9)

where

j = j< + j3 , j< = Rah|r⇠ |2i, j3 = Rah(r⇠) · (Dr⇠) � |r⇠ |2i. (3.10a, b, c)
The components of the mean scalar dissipation introduced in (3.10) are defined as the total,
molecular and dispersive contributions, respectively. Note that in absence of dispersion
(� ! 1) we obtain D = ⇡

⇤
<

I and then j3 = 0. The choice to introduce Ra in the definition
of mean dissipation is required to obtain results that are self-similar when different Ra are
considered, i.e., to make the results independent of the domain height until the fingers reach
the horizontal boundaries (De Paoli et al. 2019a). In dimensional terms, the components of
the mean dissipation defined in (3.10) read:

j
⇤ =

(U ⇤�⇠⇤)2

q⇡
⇤
<

j, j
⇤
<
=

(U ⇤�⇠⇤)2

q⇡
⇤
<

j<, j
⇤
3
=

(U ⇤�⇠⇤)2

q⇡
⇤
<

j3 .

Note that the quantity

j< Ra =
j
⇤
<

U ⇤(�⇠⇤)2/�⇤ (3.12)

matches to the definition of dissipation provided by De Paoli et al. (2024), with the exception
of the porosity q, not present here because the flow is analysed at the Darcy scale.

Solute mixing in porous media with dispersion and buoyancy 23
(a)

103 104 105

t

0

0.01

0.02

0.03

0.04

@
m

[-] ("! 1)
1
2
5
10
20
di,usive

r

(b)

103 104 105

t

0

0.01

0.02

0.03

0.04
@

d

[-] ("! 1)
1
2
5
10
20

r

(c)

103 104 105

t

0

0.01

0.02

0.03

0.04

@
=
@

m
+
@

d [-] ("! 1)
1
2
5
10
20
di,usive

r

Figure 14: Evolution of the mean scalar dissipation for different values of A. The red line refers to the case in
absence of dispersion. The molecular (j<), dispersive (j

3
) and total dissipation (j = j< + j

3
) are reported

in panels (a), (b) and (c), respectively. The initial diffusive solution (4.3) (dotted line) is also indicated.

of A leading to an earlier growth compared to larger values of A. After formation, fingers
grow vertically eventually interacting with neighbouring flow structures. The concentration
gradients across the fingers interface reduce as A is increased (figure 12), and so does the
molecular component of the dissipation, j<, as it appears from figure 14(a).

As discussed in §6.1, the fingers grow at an approximately constant rate (U = 0.48)
that is lower compared to the case without dispersion (U = 0.64). We can infer this also
from the dissipation curves in figure 14: the maximum of each curve is achieved at nearly
the same time (C ⇡ 3 ⇥ 104). However, the maximum value of dispersive dissipation j3

is remarkably affected by A, as one would expect looking at the form of the dispersion
tensor (2.12). For � = 0.1 considered here, when C > 4 ⇥ 103 the dispersive component of
the mean scalar dissipation is always dominant compared to the molecular counterpart. As
a result of the interplay between molecular and dispersive dissipation, the behaviour of the
total dissipation j, reported in figure 14(c), suggests that initially the mixing process is less
efficient compared to the case without dispersion (� ! 1, red line). In turn, for long times
and after the fingers have reached the walls, j remains higher in the cases with dispersion,
with important consequences on the degree of mixing.

The evolution of the degree of mixing (") for different values of A is shown in figure 15. At
very early times (C 6 1500) (see the inset of figure 15a), the degree of mixing is larger in the
simulations with dispersion, due to the earlier onset of convection previously described. The
fingers develop slower and within wider spaces compared to the case without dispersion: the
gradients of concentration across the fingers interface are smaller, corresponding to values
of j< that decrease with A . Later, the dispersive mixing increases in time and also with A .
As a result of the interplay of these processes, the following dynamics appears: (i) the total

Solute mixing in porous media with dispersion and buoyancy 23
(a)

103 104 105

t

0

0.01

0.02

0.03

0.04

@
m

[-] ("! 1)
1
2
5
10
20
di,usive

r

(b)

103 104 105

t

0

0.01

0.02

0.03

0.04

@
d

[-] ("! 1)
1
2
5
10
20

r

(c)

103 104 105

t

0

0.01

0.02

0.03

0.04
@

=
@

m
+
@

d [-] ("! 1)
1
2
5
10
20
di,usive

r

Figure 14: Evolution of the mean scalar dissipation for different values of A. The red line refers to the case in
absence of dispersion. The molecular (j<), dispersive (j

3
) and total dissipation (j = j< + j

3
) are reported

in panels (a), (b) and (c), respectively. The initial diffusive solution (4.3) (dotted line) is also indicated.

of A leading to an earlier growth compared to larger values of A. After formation, fingers
grow vertically eventually interacting with neighbouring flow structures. The concentration
gradients across the fingers interface reduce as A is increased (figure 12), and so does the
molecular component of the dissipation, j<, as it appears from figure 14(a).

As discussed in §6.1, the fingers grow at an approximately constant rate (U = 0.48)
that is lower compared to the case without dispersion (U = 0.64). We can infer this also
from the dissipation curves in figure 14: the maximum of each curve is achieved at nearly
the same time (C ⇡ 3 ⇥ 104). However, the maximum value of dispersive dissipation j3

is remarkably affected by A, as one would expect looking at the form of the dispersion
tensor (2.12). For � = 0.1 considered here, when C > 4 ⇥ 103 the dispersive component of
the mean scalar dissipation is always dominant compared to the molecular counterpart. As
a result of the interplay between molecular and dispersive dissipation, the behaviour of the
total dissipation j, reported in figure 14(c), suggests that initially the mixing process is less
efficient compared to the case without dispersion (� ! 1, red line). In turn, for long times
and after the fingers have reached the walls, j remains higher in the cases with dispersion,
with important consequences on the degree of mixing.

The evolution of the degree of mixing (") for different values of A is shown in figure 15. At
very early times (C 6 1500) (see the inset of figure 15a), the degree of mixing is larger in the
simulations with dispersion, due to the earlier onset of convection previously described. The
fingers develop slower and within wider spaces compared to the case without dispersion: the
gradients of concentration across the fingers interface are smaller, corresponding to values
of j< that decrease with A . Later, the dispersive mixing increases in time and also with A .
As a result of the interplay of these processes, the following dynamics appears: (i) the total

Solute mixing in porous media with dispersion and buoyancy 5

We consider the fluid density, d⇤, to be a linear function of the concentration:

d
⇤(⇠⇤) = d⇤(⇠⇤

min) + �d⇤
⇠
⇤ � ⇠⇤

min
�⇠⇤ , (2.3)

with �⇠⇤ = ⇠
⇤
max � ⇠⇤

min and �d⇤ = d
⇤(⇠⇤

max) � d
⇤(⇠⇤

min). Assuming the validity of the
Boussinesq approximation, which is reasonable for many situations of geophysical interest
(Landman & Schotting 2007), the flow field is fully described by the continuity and the
Darcy equations,

r⇤ · u⇤ = 0 , u⇤ = � 
`

(r⇤
%
⇤ + d⇤6k) , (2.4a, b)

with ` the fluid viscosity (constant), %⇤ the pressure and k the vertical unit vector. Since the
walls are impermeable to the fluid, the boundary condition reads

u⇤ · n = 0 )
(
F
⇤(I⇤ = �!⇤

I
/2) = 0

F
⇤(I⇤ = +!⇤

I
/2) = 0

(2.5)

with n the unit vector perpendicular to the boundary (note that slip at the walls is possible).
At the upper and lower walls, no flux (mI⇤⇠⇤ = 0) conditions are considered. Periodicity is
forced in the wall-parallel directions.

2.1. Dimensionless equations
A natural velocity scale relevant to the convective system examined is the buoyancy velocity,
U ⇤ = 6�d⇤ /`. After the onset of convection, fingers start to develop vertically from the
centreline (I⇤ = 0), and the domain height is relevant only after the fingers reach the walls.
Therefore, it may be convenient to make the equations dimensionless with respect to flow
units that are independent of the domain geometry. In particular, as proposed by Fu et al.
(2013), one can use as a reference length scale ✓⇤ = ⇡

⇤
<
/U ⇤, where the vertical domain

extension !⇤
I

is not included. Using these scales we obtain the following set of dimensionless
variables:

⇠ =
⇠
⇤ � ⇠⇤

min
⇠
⇤
max � ⇠⇤

min
, G =

G
⇤

✓
⇤ , u =

u⇤

U ⇤ , (2.6)

C =
C
⇤

q✓
⇤/U ⇤ , ? =

?
⇤

�d⇤6✓⇤
, (2.7)

where we introduced the reduced pressure ?⇤ = %
⇤ + d⇤(⇠⇤

min)6I⇤, we finally derive the
dimensionless form of the governing equations (2.1)-(2.4):

m⇠

mC

+ u · r⇠ = r · (Dr⇠) (2.8)

r · u = 0, (2.9)

u = � (r? + ⇠k) , (2.10)
where

Ra =
6�d⇤ !⇤

I

q⇡
⇤
<
`

=
U ⇤

!
⇤
I

q⇡
⇤
<

(2.11)

is the Rayleigh-Darcy number (indicated as Rayleigh number in the following). Finally, the
dispersion tensor D⇤ introduced in (2.2) and expressed in dimensionless form reads:

D = I + 1
�


(A � 1)uuT

|u| + I |u|
�
, (2.12)
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and then:
mh⇠i
mC

= 0. (3.5)

3.2. Second order global budget
Following previous works on convection in semi-infinite layers (Hidalgo et al. 2012),
Rayleigh-Bénard flows (Otero et al. 2004; Hassanzadeh et al. 2014; Zhu et al. 2024; Hu
& Yang 2024) and Hele-Shaw flows (Letelier et al. 2019; Ulloa & Letelier 2022; Ulloa et al.
2025), we multiply equation (2.8) by ⇠ and apply the volume average operator h·i. We use
the divergence theorem and the incompressibility of the flow to derive the global budget
(De Paoli 2023):

1
2
mh⇠2i
mC

=
1
+

π
(

⇥
(⇠Dr⇠)

I=� Ra/2 + (⇠Dr⇠)
I=+Ra/2

⇤
· n d( � h(r⇠) · (Dr⇠)i, (3.6)

=
1

Ra

h
�(⇠�)

I=� Ra/2 + (⇠�)
I=+Ra/2

i
� h(r⇠) · (Dr⇠)i (3.7)

with n unit vector normal to the boundary. Since we refer to a Rayleigh-Taylor configuration,
i.e., mI⇠ (I = ±Ra/2) = 0, we have that

1
2
mh⇠2i
mC

= �h(r⇠) · (Dr⇠)i. (3.8)

Inspired by the GL theory (Grossmann & Lohse 2000, 2001) where the key idea is to
spatially split the viscous dissipation rate into boundary layer and bulk contributions, here
we will divide the scalar dissipation into two parts, ascribed to the molecular and dispersive
components of the dispersion tensor. Detlef: please let me know if you are happy with this
last sentence. Roberto and I are not sure it is clear and should be included. Expressed in
terms of mean scalar dissipation, (3.8) reads:

1
2
mh⇠2i
mC

= � 1
Ra

j, (3.9)

where

j = j< + j3 , j< = Rah|r⇠ |2i, j3 = Rah(r⇠) · (Dr⇠) � |r⇠ |2i. (3.10a, b, c)
The components of the mean scalar dissipation introduced in (3.10) are defined as the total,
molecular and dispersive contributions, respectively. Note that in absence of dispersion
(� ! 1) we obtain D = ⇡

⇤
<

I and then j3 = 0. The choice to introduce Ra in the definition
of mean dissipation is required to obtain results that are self-similar when different Ra are
considered, i.e., to make the results independent of the domain height until the fingers reach
the horizontal boundaries (De Paoli et al. 2019a). In dimensional terms, the components of
the mean dissipation defined in (3.10) read:

j
⇤ =

(U ⇤�⇠⇤)2

q⇡
⇤
<

j, j
⇤
<
=

(U ⇤�⇠⇤)2

q⇡
⇤
<

j<, j
⇤
3
=

(U ⇤�⇠⇤)2

q⇡
⇤
<

j3 .

Note that the quantity

j< Ra =
j
⇤
<

U ⇤(�⇠⇤)2/�⇤ (3.12)

matches to the definition of dissipation provided by De Paoli et al. (2024), with the exception
of the porosity q, not present here because the flow is analysed at the Darcy scale.
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Figure 14: Evolution of the mean scalar dissipation for different values of A. The red line refers to the case in
absence of dispersion. The molecular (j<), dispersive (j

3
) and total dissipation (j = j< + j

3
) are reported

in panels (a), (b) and (c), respectively. The initial diffusive solution (4.3) (dotted line) is also indicated.

of A leading to an earlier growth compared to larger values of A. After formation, fingers
grow vertically eventually interacting with neighbouring flow structures. The concentration
gradients across the fingers interface reduce as A is increased (figure 12), and so does the
molecular component of the dissipation, j<, as it appears from figure 14(a).

As discussed in §6.1, the fingers grow at an approximately constant rate (U = 0.48)
that is lower compared to the case without dispersion (U = 0.64). We can infer this also
from the dissipation curves in figure 14: the maximum of each curve is achieved at nearly
the same time (C ⇡ 3 ⇥ 104). However, the maximum value of dispersive dissipation j3

is remarkably affected by A, as one would expect looking at the form of the dispersion
tensor (2.12). For � = 0.1 considered here, when C > 4 ⇥ 103 the dispersive component of
the mean scalar dissipation is always dominant compared to the molecular counterpart. As
a result of the interplay between molecular and dispersive dissipation, the behaviour of the
total dissipation j, reported in figure 14(c), suggests that initially the mixing process is less
efficient compared to the case without dispersion (� ! 1, red line). In turn, for long times
and after the fingers have reached the walls, j remains higher in the cases with dispersion,
with important consequences on the degree of mixing.

The evolution of the degree of mixing (") for different values of A is shown in figure 15. At
very early times (C 6 1500) (see the inset of figure 15a), the degree of mixing is larger in the
simulations with dispersion, due to the earlier onset of convection previously described. The
fingers develop slower and within wider spaces compared to the case without dispersion: the
gradients of concentration across the fingers interface are smaller, corresponding to values
of j< that decrease with A . Later, the dispersive mixing increases in time and also with A .
As a result of the interplay of these processes, the following dynamics appears: (i) the total
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Figure 14: Evolution of the mean scalar dissipation for different values of A. The red line refers to the case in
absence of dispersion. The molecular (j<), dispersive (j

3
) and total dissipation (j = j< + j

3
) are reported

in panels (a), (b) and (c), respectively. The initial diffusive solution (4.3) (dotted line) is also indicated.

of A leading to an earlier growth compared to larger values of A. After formation, fingers
grow vertically eventually interacting with neighbouring flow structures. The concentration
gradients across the fingers interface reduce as A is increased (figure 12), and so does the
molecular component of the dissipation, j<, as it appears from figure 14(a).

As discussed in §6.1, the fingers grow at an approximately constant rate (U = 0.48)
that is lower compared to the case without dispersion (U = 0.64). We can infer this also
from the dissipation curves in figure 14: the maximum of each curve is achieved at nearly
the same time (C ⇡ 3 ⇥ 104). However, the maximum value of dispersive dissipation j3

is remarkably affected by A, as one would expect looking at the form of the dispersion
tensor (2.12). For � = 0.1 considered here, when C > 4 ⇥ 103 the dispersive component of
the mean scalar dissipation is always dominant compared to the molecular counterpart. As
a result of the interplay between molecular and dispersive dissipation, the behaviour of the
total dissipation j, reported in figure 14(c), suggests that initially the mixing process is less
efficient compared to the case without dispersion (� ! 1, red line). In turn, for long times
and after the fingers have reached the walls, j remains higher in the cases with dispersion,
with important consequences on the degree of mixing.

The evolution of the degree of mixing (") for different values of A is shown in figure 15. At
very early times (C 6 1500) (see the inset of figure 15a), the degree of mixing is larger in the
simulations with dispersion, due to the earlier onset of convection previously described. The
fingers develop slower and within wider spaces compared to the case without dispersion: the
gradients of concentration across the fingers interface are smaller, corresponding to values
of j< that decrease with A . Later, the dispersive mixing increases in time and also with A .
As a result of the interplay of these processes, the following dynamics appears: (i) the total
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Figure 2: Evolution of the molecular mean scalar dissipation j< in absence of dispersion and for different
Rayleigh numbers, Ra (solid lines). The flow evolution is independent of Ra until flow field of the fingers
is significantly influenced by the presence of the horizontal walls. The analytical diffusive solution (4.2) is
also reported (dotted line).

(Ra 6 103), the dynamics is soon influenced by the presence of the walls, and convective
instabilities may not form or only partially develop.

In the following, to analyse in detail the flow dynamics, we will focus on the simulation
at Ra = 104, which serves also as a reference for the dispersive cases studied in §5 and §6.
The system behaviour relative to different Ra can be inferred from the analysis presented.
The flow evolution is initially characterized by inspecting the concentration fields and the
concentration profiles in figure 3, together with the corresponding mixing indicators in
figure 4. The process is also illustrated in Movie S1 of the electronic supplementary material.
We identified several flow regimes characterizing the evolution of the system, which we
discuss individually in the following.

The flow is initialized with a step-like concentration profile (figure 3a) with a thin interface
dividing the two fluid layers and no flows (u = 0). Therefore, the interface will initially grow
driven by diffusion, making the concentration gradient (and then the mean scalar dissipation
j = j<, see figure 4a) progressively reduce. This trend continues until the first convective
instabilities appear at C ⇡ 103, see figure 3(b-iii). Similarly to what has been previously
observed in convection in semi-infinite domains (Elenius & Johannsen 2012), the precise
time at which this growth starts, as well as the maximum values of scalar dissipation later
achieved, depend on the initial perturbation. However, the overall dynamics is qualitatively
comparable to the one described here for the initial condition considered discussed in detail
in Appendix B.2. The flow is initially purely controlled by diffusion. An analytical solution
of the advection-dispersion equation (2.8) can be obtained in absence of convection (u = 0)
and assuming homogeneity in wall-parallel directions (mG · = 0), which reads (De Paoli et al.
2019b):

⇠ (I, C) = 1
2


1 + erf

✓
I

2
p
C

◆�
. (4.1)

Results relative to the horizontally-averaged concentration profiles reported in figure 5(b)
indicate an excellent agreement with (4.1) (dashed line). Employing (4.1) in the defini-
tion (3.10), it follows that the contributions of the mean scalar dissipation during the initial
phase (assuming u = 0) are

j< =
1p
8cC

, j3 = 0, j =
1p
8cC

, (4.2a, b, c)

and they are very well captured by the simulation (see figure 4a). Correspondingly, equa-
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We consider the fluid density, d⇤, to be a linear function of the concentration:

d
⇤(⇠⇤) = d⇤(⇠⇤

min) + �d⇤
⇠
⇤ � ⇠⇤

min
�⇠⇤ , (2.3)

with �⇠⇤ = ⇠
⇤
max � ⇠⇤

min and �d⇤ = d
⇤(⇠⇤

max) � d
⇤(⇠⇤

min). Assuming the validity of the
Boussinesq approximation, which is reasonable for many situations of geophysical interest
(Landman & Schotting 2007), the flow field is fully described by the continuity and the
Darcy equations,

r⇤ · u⇤ = 0 , u⇤ = � 
`

(r⇤
%
⇤ + d⇤6k) , (2.4a, b)

with ` the fluid viscosity (constant), %⇤ the pressure and k the vertical unit vector. Since the
walls are impermeable to the fluid, the boundary condition reads

u⇤ · n = 0 )
(
F
⇤(I⇤ = �!⇤

I
/2) = 0

F
⇤(I⇤ = +!⇤

I
/2) = 0

(2.5)

with n the unit vector perpendicular to the boundary (note that slip at the walls is possible).
At the upper and lower walls, no flux (mI⇤⇠⇤ = 0) conditions are considered. Periodicity is
forced in the wall-parallel directions.

2.1. Dimensionless equations
A natural velocity scale relevant to the convective system examined is the buoyancy velocity,
U ⇤ = 6�d⇤ /`. After the onset of convection, fingers start to develop vertically from the
centreline (I⇤ = 0), and the domain height is relevant only after the fingers reach the walls.
Therefore, it may be convenient to make the equations dimensionless with respect to flow
units that are independent of the domain geometry. In particular, as proposed by Fu et al.
(2013), one can use as a reference length scale ✓⇤ = ⇡

⇤
<
/U ⇤, where the vertical domain

extension !⇤
I

is not included. Using these scales we obtain the following set of dimensionless
variables:

⇠ =
⇠
⇤ � ⇠⇤

min
⇠
⇤
max � ⇠⇤

min
, G =

G
⇤

✓
⇤ , u =

u⇤

U ⇤ , (2.6)

C =
C
⇤

q✓
⇤/U ⇤ , ? =

?
⇤

�d⇤6✓⇤
, (2.7)

where we introduced the reduced pressure ?⇤ = %
⇤ + d⇤(⇠⇤

min)6I⇤, we finally derive the
dimensionless form of the governing equations (2.1)-(2.4):

m⇠

mC

+ u · r⇠ = r · (Dr⇠) (2.8)

r · u = 0, (2.9)

u = � (r? + ⇠k) , (2.10)
where

Ra =
6�d⇤ !⇤

I

q⇡
⇤
<
`

=
U ⇤

!
⇤
I

q⇡
⇤
<

(2.11)

is the Rayleigh-Darcy number (indicated as Rayleigh number in the following). Finally, the
dispersion tensor D⇤ introduced in (2.2) and expressed in dimensionless form reads:

D = I + 1
�


(A � 1)uuT

|u| + I |u|
�
, (2.12)
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Figure 15: Evolution of the degree of mixing (") for different A and Ra = 104 (� = 0.1, see table 1 for
further details). Results are shown in terms of total mixing " in panel (a), where a close up view of the
early phase is also reported in the inset. Here, the white symbols marks the first instant considered in the
simulations. The initial diffusive solution (4.3) (dotted line) is also indicated. The case without dispersion
(� ! 1, red line) is shown as a reference. In panel (b), the relative importance of molecular mixing to
total mixing, "</" , evaluated at each instant, is shown. Also in this case, molecular mixing becomes
progressively less important as A increases.

degree of mixing is initially large for cases with dispersion (finite �) and low A; (ii) shortly
after the fingers have formed, " becomes dominated by molecular diffusion and it is larger
in absence of dispersion (figure 15a, main panel, 2 ⇥ 103 6 C 6 4.5 ⇥ 104); (iii) finally, after
the fingers have reached the walls, j3 decreases at a lower rate compared to j<, and " is
controlled by the dispersive mixing. The relative importance of molecular mixing to total
mixing, "</" , evaluated at each instant, is shown in figure 15(b). As expected, in the long
term the molecular mixing becomes progressively less important as A is increased, namely
from 46% to 17% for A = 1 and A = 20, respectively.

7. Conclusions and outlook
7.1. Summary and conclusions

We analysed the process of convective mixing in presence of dispersion in homogeneous and
isotropic porous media. We considered a Rayleigh-Taylor instability in which the presence
of a solute produces density differences that drive the flow. The domain consists of two
fluid layers, initially divided by a flat interface, which will mix driven by buoyancy forces
and eventually reach a uniform solute distribution. Solute is redistributed by advection and
dispersion. The effect of dispersion is modelled using the anisotropic Fickian dispersion
tensor formulation (2.12) proposed by Bear (1961). In this model, in addition to molecular
diffusion ⇡

⇤
<

, the solute is also redistributed by the spreading produced by the flow due
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3.3. Quantification of mixing
Following the approach proposed by Jha et al. (2011), we introduce the degree of mixing,
a quantity that varies between 0 and 1, and is representative of the current mixing state
of the flow. The initial state of the system is characterized by two uniform layers having
different concentration and divided by a sharp interface, i.e., ⇠ (G, I > 0, C = 0) = 1 and
⇠ (G, I < 0, C = 0) = 0. Ultimately, the system will achieve a well-mixed condition and the
concentration field will be uniform, corresponding to⇠ (G, I, C ! 1) = 1/2. As a results, the
mean concentration variance, defined as f2 = h⇠2i � h⇠i2, is initially maximum and equal
to f

2(C = 0) = f
2
max = 1/4, and ultimately minimum and corresponding to f

2(C ! 1) = 0.
The variance is representative of the mixing state, which we quantify using the degree of
mixing:

" (C) = 1 � f
2(C)

f
2
max

. (3.13)

Such definition gives " (C = 0) = 0 when the two layers are perfectly segregated, and
" (C ! 1) = 1 when a perfect mixing is achieved. Also in this case, we split the degree
of mixing into two contributions, resulting from the partition of the dissipation (Grossmann
& Lohse 2000, 2001). Detlef: Also here, please let me know if you are happy with this last
sentence. Given the definition of f2 and the budget (3.9), one can rewrite (3.13) as

" (C) = 1 � f
2(C)

f
2
max

= 1 �
h⇠2(0)i � h⇠ (C)i2 +

Ø h⇠2 (C ) i
h⇠2 (0) i dh⇠2i

f
2
max

=
2

f
2
max Ra

π
C

0
(j< + j3) dg = "<(C) + "3 (C). (3.14)

where the degree of mixing has been split into the molecular and dispersive components,
respectively:

"<(C) =
2

f
2
max Ra

π
C

0
j< dg, "3 (C) =

2
f

2
max Ra

π
C

0
j3 dg. (3.15a, b)

4. Flow evolution without dispersion (� ! 1)
We consider the simulations performed without dispersion corresponding to� ! 1 in (2.12),
and we will explore the dynamics for different values of Rayleigh number Ra. We cover a
wide range of Ra, namely 102 6 Ra 6 2 ⇥ 104 and we simulate domains having constant
width ! = 105. The details of all simulation performed are listed in table 1. In absence of
dispersion, the influence of Ra on the flow dynamics has been previously investigated in
several two-dimensional works (De Wit 2004; De Paoli et al. 2019a,b; Borgnino et al. 2021).
Here we complement these analyses, which are essential to derive a clear picture of the
flow dynamics also in case of dispersive flows. For all Ra considered, we report in figure 2
the evolution of the molecular component of the mean scalar dissipation j< (for � ! 1,
j3 = 0). The dimensionless set of variables used is particularly suitable to highlight the
self-similar behaviour of the system. In particular, the flow evolution is independent of Ra
until the domain walls have an effect on the flow, i.e., until the fingers grow and their flow
field feels the influence of the horizontal impermeable walls. For very small values of Ra
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Figure 15: Evolution of the degree of mixing (") for different A and Ra = 104 (� = 0.1, see table 1 for
further details). Results are shown in terms of total mixing " in panel (a), where a close up view of the
early phase is also reported in the inset. Here, the white symbols marks the first instant considered in the
simulations. The initial diffusive solution (4.3) (dotted line) is also indicated. The case without dispersion
(� ! 1, red line) is shown as a reference. In panel (b), the relative importance of molecular mixing to
total mixing, "</" , evaluated at each instant, is shown. Also in this case, molecular mixing becomes
progressively less important as A increases.

degree of mixing is initially large for cases with dispersion (finite �) and low A; (ii) shortly
after the fingers have formed, " becomes dominated by molecular diffusion and it is larger
in absence of dispersion (figure 15a, main panel, 2 ⇥ 103 6 C 6 4.5 ⇥ 104); (iii) finally, after
the fingers have reached the walls, j3 decreases at a lower rate compared to j<, and " is
controlled by the dispersive mixing. The relative importance of molecular mixing to total
mixing, "</" , evaluated at each instant, is shown in figure 15(b). As expected, in the long
term the molecular mixing becomes progressively less important as A is increased, namely
from 46% to 17% for A = 1 and A = 20, respectively.

7. Conclusions and outlook
7.1. Summary and conclusions

We analysed the process of convective mixing in presence of dispersion in homogeneous and
isotropic porous media. We considered a Rayleigh-Taylor instability in which the presence
of a solute produces density differences that drive the flow. The domain consists of two
fluid layers, initially divided by a flat interface, which will mix driven by buoyancy forces
and eventually reach a uniform solute distribution. Solute is redistributed by advection and
dispersion. The effect of dispersion is modelled using the anisotropic Fickian dispersion
tensor formulation (2.12) proposed by Bear (1961). In this model, in addition to molecular
diffusion ⇡

⇤
<

, the solute is also redistributed by the spreading produced by the flow due
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Figure 15: Evolution of the degree of mixing (") for different A and Ra = 104 (� = 0.1, see table 1 for
further details). Results are shown in terms of total mixing " in panel (a), where a close up view of the
early phase is also reported in the inset. Here, the white symbols marks the first instant considered in the
simulations. The initial diffusive solution (4.3) (dotted line) is also indicated. The case without dispersion
(� ! 1, red line) is shown as a reference. In panel (b), the relative importance of molecular mixing to
total mixing, "</" , evaluated at each instant, is shown. Also in this case, molecular mixing becomes
progressively less important as A increases.
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" (C ! 1) = 1 when a perfect mixing is achieved. Also in this case, we split the degree
of mixing into two contributions, resulting from the partition of the dissipation (Grossmann
& Lohse 2000, 2001). Detlef: Also here, please let me know if you are happy with this last
sentence. Given the definition of f2 and the budget (3.9), one can rewrite (3.13) as
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where the degree of mixing has been split into the molecular and dispersive components,
respectively:
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4. Flow evolution without dispersion (� ! 1)
We consider the simulations performed without dispersion corresponding to� ! 1 in (2.12),
and we will explore the dynamics for different values of Rayleigh number Ra. We cover a
wide range of Ra, namely 102 6 Ra 6 2 ⇥ 104 and we simulate domains having constant
width ! = 105. The details of all simulation performed are listed in table 1. In absence of
dispersion, the influence of Ra on the flow dynamics has been previously investigated in
several two-dimensional works (De Wit 2004; De Paoli et al. 2019a,b; Borgnino et al. 2021).
Here we complement these analyses, which are essential to derive a clear picture of the
flow dynamics also in case of dispersive flows. For all Ra considered, we report in figure 2
the evolution of the molecular component of the mean scalar dissipation j< (for � ! 1,
j3 = 0). The dimensionless set of variables used is particularly suitable to highlight the
self-similar behaviour of the system. In particular, the flow evolution is independent of Ra
until the domain walls have an effect on the flow, i.e., until the fingers grow and their flow
field feels the influence of the horizontal impermeable walls. For very small values of Ra
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Figure 16: Influence of the dispersion parameters on the degree of mixing ": � (a) and A (b). Results are
reported in terms of time degree of mixing " relative to the case without dispersion, " (� ! 1). The first
instant considered in the simulations (bullet) is also indicated.

to the complex pathways followed by the fluid parcels within the pores spaces (mechanical
dispersion). This additional solute redistribution is quantified by the longitudinal (⇡⇤

;
, in

the direction of the flow) and the transverse (⇡⇤
C
, perpendicular to the direction of the

flow) dispersion coefficients. The flow is controlled by three dimensionless parameters: the
Rayleigh-Darcy number Ra (defining the relative strength of convection and diffusion) and
the dispersion parameters A = ⇡

⇤
;
/⇡⇤

C
and � = ⇡

⇤
<
/⇡⇤

C
. With the aid of numerical Darcy

simulations, we investigated the mixing dynamics without and with dispersion.
We found that in absence of dispersion (� ! 1) the system’s dynamics is self-similar

and independent of Ra until the fingers approach the domain’s horizontal boundaries, and
the flow evolution follows several regimes, which we describe. Then we analysed the effect
of dispersion in time (C) for a fixed value of Rayleigh number (Ra = 104). We quantify
the mixing state of the system using the degree of mixing " (Jha et al. 2011), which
varies between " (C = 0) = 0 (segregated layers) and " (C ! 1) = 1 (uniform solute
concentration field). A detailed analysis of the scalar dissipation reveals a complex interplay
between flow structures and mixing due to the dispersive and molecular contributions. Both
A and � affect the fingers formation and development: in particular, the lower the value of
� (or the larger the value of A), the wider, the more convoluted and diffused the fingers (see
figures 7 and 12). For an anisotropic dispersion tensor with A = 10 (representative of solute
transport in the advection dominated regime, Bijeljic & Blunt 2007), the role played by the
relative importance of molecular and transverse dispersion, �, is crucial. This is presented in
figure 16(a) in terms of degree of mixing, " (�), normalized by the case without dispersion
" (� ! 1). Three main phases appear: (i) initially (C 6 2⇥103) the mixing is more efficient
in cases with dispersion; (ii) after the fingers have grown sufficiently and merged, the mixing
performance in the dispersive cases is lower than in absence of dispersion; (iii) for longer
times, in contrast, high dispersion flows (� 6 0.1) show higher degree of mixing compared to
systems without dispersion. Ultimately, all cases will lead to the same uniform configuration
(" = 1). Remarkably, we found that within the time frame considered, it exists an optimum
value � = 0.1 that maximizes the mixing. We finally looked at the impact of A on the
mixing when � = 0.1 (figure 16b). We found that, for such value of �, the anisotropy ratio
A produces only second order effects, with some noticeable changes only in the intermediate
phase, where it appears that the mixing is more efficient for small values of anisotropy.

The theoretical framework proposed allowed us to analyse numerical Darcy simulations
with dispersion by splitting the mean scalar dissipation into molecular and dispersive
components. In combination with pore-scale simulations and bead packs experiments, this
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concentration field). A detailed analysis of the scalar dissipation reveals a complex interplay
between flow structures and mixing due to the dispersive and molecular contributions. Both
A and � affect the fingers formation and development: in particular, the lower the value of
� (or the larger the value of A), the wider, the more convoluted and diffused the fingers (see
figures 7 and 12). For an anisotropic dispersion tensor with A = 10 (representative of solute
transport in the advection dominated regime, Bijeljic & Blunt 2007), the role played by the
relative importance of molecular and transverse dispersion, �, is crucial. This is presented in
figure 16(a) in terms of degree of mixing, " (�), normalized by the case without dispersion
" (� ! 1). Three main phases appear: (i) initially (C 6 2⇥103) the mixing is more efficient
in cases with dispersion; (ii) after the fingers have grown sufficiently and merged, the mixing
performance in the dispersive cases is lower than in absence of dispersion; (iii) for longer
times, in contrast, high dispersion flows (� 6 0.1) show higher degree of mixing compared to
systems without dispersion. Ultimately, all cases will lead to the same uniform configuration
(" = 1). Remarkably, we found that within the time frame considered, it exists an optimum
value � = 0.1 that maximizes the mixing. We finally looked at the impact of A on the
mixing when � = 0.1 (figure 16b). We found that, for such value of �, the anisotropy ratio
A produces only second order effects, with some noticeable changes only in the intermediate
phase, where it appears that the mixing is more efficient for small values of anisotropy.

The theoretical framework proposed allowed us to analyse numerical Darcy simulations
with dispersion by splitting the mean scalar dissipation into molecular and dispersive
components. In combination with pore-scale simulations and bead packs experiments, this
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We consider the fluid density, d⇤, to be a linear function of the concentration:

d
⇤(⇠⇤) = d⇤(⇠⇤

min) + �d⇤
⇠
⇤ � ⇠⇤

min
�⇠⇤ , (2.3)

with �⇠⇤ = ⇠
⇤
max � ⇠⇤

min and �d⇤ = d
⇤(⇠⇤

max) � d
⇤(⇠⇤

min). Assuming the validity of the
Boussinesq approximation, which is reasonable for many situations of geophysical interest
(Landman & Schotting 2007), the flow field is fully described by the continuity and the
Darcy equations,

r⇤ · u⇤ = 0 , u⇤ = � 
`

(r⇤
%
⇤ + d⇤6k) , (2.4a, b)

with ` the fluid viscosity (constant), %⇤ the pressure and k the vertical unit vector. Since the
walls are impermeable to the fluid, the boundary condition reads

u⇤ · n = 0 )
(
F
⇤(I⇤ = �!⇤

I
/2) = 0

F
⇤(I⇤ = +!⇤

I
/2) = 0

(2.5)

with n the unit vector perpendicular to the boundary (note that slip at the walls is possible).
At the upper and lower walls, no flux (mI⇤⇠⇤ = 0) conditions are considered. Periodicity is
forced in the wall-parallel directions.

2.1. Dimensionless equations
A natural velocity scale relevant to the convective system examined is the buoyancy velocity,
U ⇤ = 6�d⇤ /`. After the onset of convection, fingers start to develop vertically from the
centreline (I⇤ = 0), and the domain height is relevant only after the fingers reach the walls.
Therefore, it may be convenient to make the equations dimensionless with respect to flow
units that are independent of the domain geometry. In particular, as proposed by Fu et al.
(2013), one can use as a reference length scale ✓⇤ = ⇡

⇤
<
/U ⇤, where the vertical domain

extension !⇤
I

is not included. Using these scales we obtain the following set of dimensionless
variables:

⇠ =
⇠
⇤ � ⇠⇤

min
⇠
⇤
max � ⇠⇤

min
, G =

G
⇤

✓
⇤ , u =

u⇤

U ⇤ , (2.6)

C =
C
⇤

q✓
⇤/U ⇤ , ? =

?
⇤

�d⇤6✓⇤
, (2.7)

where we introduced the reduced pressure ?⇤ = %
⇤ + d⇤(⇠⇤

min)6I⇤, we finally derive the
dimensionless form of the governing equations (2.1)-(2.4):

m⇠

mC

+ u · r⇠ = r · (Dr⇠) (2.8)

r · u = 0, (2.9)

u = � (r? + ⇠k) , (2.10)
where

Ra =
6�d⇤ !⇤

I

q⇡
⇤
<
`

=
U ⇤

!
⇤
I

q⇡
⇤
<

(2.11)

is the Rayleigh-Darcy number (indicated as Rayleigh number in the following). Finally, the
dispersion tensor D⇤ introduced in (2.2) and expressed in dimensionless form reads:

D = I + 1
�


(A � 1)uuT

|u| + I |u|
�
, (2.12)
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Conclusions and outlook
Theoretical framework for convection in porous media with 

dispersion

Efficient open source code

Explain the behaviour of dispersion parameters, but parameters 
space is huge: need also to include experiments and new 

dispersion models
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