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Unifying picture of mixing is missing

Hewitt et al. (2013). J. Fluid Mech., 719
Slim, A. (2014). J. Fluid Mech., 741
De Paoli et al. (2025). Geophys. Res. Lett., 52 (7)

Adapted from 
De Paoli et al. (2025)
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Figure 1. Simulation results for two fluids at close states of equilibrium (!T = 10.0, !B = 0.49) with a porous matrix similar to a carbonate rock (N" = 0.11) and
Ra = 10, 000, at time t = 15. (a) The mixing ratio # is characterized by density fingers caused by convective mixing. (b) The dissolution rate r" is concentrated at
the interface between the two fluids. (c) The log-dissolution rate shows that reactions are much weaker around the fingers. (d) The resulting pattern of porosity
change reflects the path of the ascending interface. Figures 1e and 1f illustrate the details of the reaction rate (Figure 1b) and porosity pattern (Figure 1d) around
the fluid interface. See the supporting information Movies S1–S4.

where the factor d2cA

d#2 can be computed analytically using the definition of ! and (1), and $ is the scalar dissi-
pation rate, whose role for the quantification of mixing has been discussed elsewhere [Le Borgne et al., 2010;
Hidalgo et al., 2013]. The expression for rA reveals the control of mixing over reactions.

Our model is closed by accounting for the porosity changes caused by the dissolution of the porous matrix.
The rate of change of porosity is proportional to the reaction rate and given by (see supporting information
Text S1)

r" ≡ 1
"

d"
dt

= −
N"

Ra
d2cA

d#2
|!#|2, (7)

where N" =
√

K∕(2Vm), with Vm the molar volume of the solid phase. In the following, we refer to (7) as the
dissolution rate.

Permeability k depends on " through a Kozeny-Carman law k = "3 in dimensionless form [Bear, 1972]
(see supporting information Text S1). The cubic dependence produces small and smooth variations of
permeability making flow, transport, and reaction to be weakly coupled.

3. Mixing and Dissolution Patterns

The coupled unstable reactive flow and transport problem (2)–(7) is solved in a rectangular domain (x, z)
∈ [0, 1] × [0, 2] with periodic boundary conditions in x and no flow boundaries at the top and bottom. The
equations are discretized in space using second-order finite volumes and sixth-order compact finite differ-
ences (fourth order for boundary conditions). The system is propagated in time using an explicit third-order
Runge-Kutta scheme [Hidalgo et al., 2013].
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Questions

What is the role of boundary conditions?
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What is the role of boundary conditions?
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Boundary conditions

De Paoli & Pirozzoli (2026), arXiv:2604.23199

C ∗ = C"
∗ , ρ∗ = 𝜌"∗

z ∗= H ∗

z ∗= 0 C ∗ = C#
∗ ρ∗ = 𝜌#∗

(a) fixed interface
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Fluid models

De Paoli & Pirozzoli (2026), arXiv:2604.23199

6 De Paoli M. & Pirozzoli S.

following set of dimensionless variables:

𝐿 =
𝐿
→ ↑ 𝐿

→
𝐿

𝐿
→
𝐿
↑ 𝐿

→↑
, 𝑀 =

𝑀
→

𝑁
→ , u =

u
→

U → , (2.8)

𝑂 =
𝑂
→

𝑃𝑁
→/U → , 𝑄 =

𝑄
→

(𝑅→
𝐿
↑ 𝑅

→↑)𝑆𝑁→ , (2.9)

where we introduced the reduced pressure 𝑄
→ = 𝑇

→ + 𝑅
→
↑𝑆𝑈

→, we finally derive the dimen-
sionless form of the governing equations (2.1)-(2.2):

𝑉𝐿

𝑉𝑂

+ u · ↓𝐿 =
1

Ra0
↓2

𝐿 (2.10)

↓ · u = 0, (2.11)

u = ↑ (↓𝑄 + 𝑅k) (2.12)
where the dimensionless density field 𝑅 = 1 + (𝑅→ ↑ 𝑅

→
𝐿
)/(𝑅→

𝐿
↑ 𝑅

→
↑) computed for the three

cases considered in §2.1 reads:

𝑅 = 1 + 𝐿 , ↑1 ↭ 𝐿 ↭ 0 (2.13)
𝑅 = 1 ↑ 𝐿

2
, ↑1 ↭ 𝐿 ↭ 0 (2.14)

𝑅 =




1 ↑ 𝐿
2

, ↑1 ↭ 𝐿 ↭ 0

1 ↑ (1 + 𝑊)
(
1 ↑ 1

𝑋

)2
𝐿

2
, 0 < 𝐿 ↭ 𝐿+ =

𝑋

1 ↑ 𝑋

(2.15)

and is obtained from equations (2.3), (2.4) and (2.5), respectively. The dimensionless
parameters introduced are

Ra0 =
U →

𝑁
→

𝑃𝑌

, 𝑋 =
𝐿
→
+ ↑ 𝐿

→
𝐿

𝐿
→
+ ↑ 𝐿

→↑
, 𝑊 =

𝑅
→
↑ ↑ 𝑅

→
+

𝑅
→
𝐿
↑ 𝑅

→↑
, (2.16)

where Ra is the governing parameter of the flow, the initial Rayleigh-Darcy number (indicated
as Rayleigh number in the following), and quantifies the relative strength of convective and
di!usive mechanisms. Two additional parameters describing the fluid behaviour 𝑅(𝐿) are:
(i) 𝑋, with 0 ↭ 𝑋 ↭ 1, it indicates the position of the concentration that maximizes, i.e.,
𝐿
→
𝐿
= 𝐿

→
+ for 𝑋 = 0 and 𝐿

→
𝐿
= 𝐿

→
↑ for 𝑋 = 1 (see figure 2a); and (ii) 𝑊, the relative density

contrast (see figure 2b), i.e. the density between the initial fluid layers (𝑅→↑ ↑ 𝑅
→
+) relative to

the maximum density contrast in the system (𝑅→
𝐿
↑ 𝑅

→
↑).

Provided that 𝑍 is su”ciently large to allow the formation of multiple flow structures and
minimize the e!ects of the periodic forcing, the flow in purely controlled by Ra and 𝑋.

2.4. Numerical solution of the equations
See also Appendix A for further details.
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where Ra is the governing parameter of the flow, the initial Rayleigh-Darcy number (indicated
as Rayleigh number in the following), and quantifies the relative strength of convective and
di!usive mechanisms. Two additional parameters describing the fluid behaviour 𝑅(𝐿) are:
(i) 𝑋, with 0 ↭ 𝑋 ↭ 1, it indicates the position of the concentration that maximizes, i.e.,
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→
+) relative to
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↑).

Provided that 𝑍 is su”ciently large to allow the formation of multiple flow structures and
minimize the e!ects of the periodic forcing, the flow in purely controlled by Ra and 𝑋.
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See also Appendix A for further details.
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→, we finally derive the dimen-
sionless form of the governing equations (2.1)-(2.2):
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𝑅 = 1 ↑ 𝐿

2
, ↑1 ↭ 𝐿 ↭ 0 (2.14)
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and is obtained from equations (2.3), (2.4) and (2.5), respectively. The dimensionless
parameters introduced are

Ra0 =
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→

𝑃𝑌

, 𝑋 =
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, 𝑊 =
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↑ ↑ 𝑅

→
+

𝑅
→
𝐿
↑ 𝑅

→↑
, (2.16)

where Ra is the governing parameter of the flow, the initial Rayleigh-Darcy number (indicated
as Rayleigh number in the following), and quantifies the relative strength of convective and
di!usive mechanisms. Two additional parameters describing the fluid behaviour 𝑅(𝐿) are:
(i) 𝑋, with 0 ↭ 𝑋 ↭ 1, it indicates the position of the concentration that maximizes, i.e.,
𝐿
→
𝐿
= 𝐿

→
+ for 𝑋 = 0 and 𝐿

→
𝐿
= 𝐿

→
↑ for 𝑋 = 1 (see figure 2a); and (ii) 𝑊, the relative density

contrast (see figure 2b), i.e. the density between the initial fluid layers (𝑅→↑ ↑ 𝑅
→
+) relative to

the maximum density contrast in the system (𝑅→
𝐿
↑ 𝑅

→
↑).

Provided that 𝑍 is su”ciently large to allow the formation of multiple flow structures and
minimize the e!ects of the periodic forcing, the flow in purely controlled by Ra and 𝑋.

2.4. Numerical solution of the equations
See also Appendix A for further details.
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where Ra is the governing parameter of the flow, the initial Rayleigh-Darcy number (indicated
as Rayleigh number in the following), and quantifies the relative strength of convective and
di!usive mechanisms. Two additional parameters describing the fluid behaviour 𝑅(𝐿) are:
(i) 𝑋, with 0 ↭ 𝑋 ↭ 1, it indicates the position of the concentration that maximizes, i.e.,
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↑).

Provided that 𝑍 is su”ciently large to allow the formation of multiple flow structures and
minimize the e!ects of the periodic forcing, the flow in purely controlled by Ra and 𝑋.

2.4. Numerical solution of the equations
See also Appendix A for further details.

In this work
Ra0 = 104
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layer (EmamivMeybodi et al., 2015). This situation is potentially critical, as a fracture of this natural barrier may
allow CO2 to escape to the upper geological layers and eventually to the atmosphere. However, CO2 is partially
miscible with brine, and the resulting mixture (CO2→brine) is heavier than both starting fluids. The process of
accumulation of this heavy mixture at the boundary between the fluid layers is key, as it promotes the formation of
flow instabilities (called plumes or fingers) that, due to convection, increase the mixing rate of CO2 in brine
(EnnisvKing et al., 2005; Xu et al., 2006) and reduce the risk of leakage. Therefore, predicting the mixing rate as a
function of fluid properties, rock properties and formation morphology is the key to accurately address the process
of geological carbon sequestration (Letelier et al., 2023; Ulloa & Letelier, 2022).

The dynamics of the CO2vbrine mixing process is characterized by three main phases (Slim, 2014; Slim
et al., 2013): (a) initially, solute transport is limited to the fluidvfluid interface, and it is controlled by diffusion; (b)
then, when the dense, CO2vrich fluid layer becomes sufficiently thick, it becomes unstable and promotes the
formation of small fingers; (c) these fingers grow vertically and eventually merge with neighboring plumes
generating larger and persistent structures in a statistically steady fashion; (d) finally, when the domain is
saturated with the CO2vrich fluid carried downward by the megaplumes, the mixing of CO2 slows progressively
down (Hewitt et al., 2013). The single dimensionless governing parameter is the RayleighvDarcy number Ra,
which expresses the ratio of the strength of driving (buoyancy) to dissipative (viscosity and molecular diffusion)
mechanisms. It contains the fluids, medium and formation properties, and it may span over few decades, namely
from O↑10↓ (EmamivMeybodi, 2017) to O)105[ (Hu et al., 2023). Despite the highly nonvlinear and transient
character described, this system has been accurately characterized numerically in two dimensions (De
Paoli, 2023; EmamivMeybodi et al., 2015; Hewitt, 2020). The threevdimensional problem, in contrast, is still
partially unexplored, due to the huge computational cost required to accurately resolve the flow at large Ra. With
the exception of few works at moderate Ra (Imuetinyan et al., 2024a, 2024b; Liyanage et al., 2024; Sin
et al., 2024), the opacity of the media represents an intrinsic limitation for the laboratory experiments, preventing
from obtaining simultaneous measurements of flow and solute. In this work, we aim precisely at this gap.

We perform highvresolution, largevscale simulations of solute convection in twov and threevdimensional porous
media at unprecedented RayleighvDarcy numbers, namely up to Ra ↔ 8 ↗ 104. Using this unique database,
which we make available (De Paoli et al., 2025), we provide a detailed characterization of the flow dynamics. We
analyze the flow in terms of the dissolution rate of solute and flow structures near the fluidvfluid interface. First,
we confirm that in twovdimensional systems the dissolution rate during the constantvflux regime (phase iii
described above) agrees with previous findings (De Paoli et al., 2017; Hesse, 2008; Hewitt et al., 2013;
Slim, 2014; Wen, Akhbari, et al., 2018). Then we extend our simulations to 3D flows, and we identify a
remarkable difference with respect to previous works (Pau et al., 2010), suggesting that in 3D the dissolution rate
is not 25% larger than in 2D, but only 13.5%. Finally, we present a physical model that accurately captures the
mixing dynamics, and can be used to design, predict and control the CO2 postvinjection dynamics.

2. Methodology
2.1. Problem Formulation
We consider homogeneous, isotropic and fluidvsaturated porous media characterized by permeability H and
porosity ℓ. We indicate with x∗, z∗ the horizontal directions and with y∗ the vertical direction, perpendicular to the
horizontal boundaries and aligned with gravity g (see Figures 1avi and 1avii). Assuming the validity of the
Boussinesq approximation (Landman & Schotting, 2007; Zonta & Soldati, 2018), the flow is incompressible and
described by the continuity and the Darcy equations:

∇∗ T u∗ ↔ 0, u∗ ↔ ↘H
F↑∇

∗P∗ → A∗gj↓ , ↑1↓

with F the fluid dynamic viscosity (constant), u∗ ↔ ↑u∗,v∗,w∗↓ the volumevaveraged velocity field, P∗ the
pressure, and j the vertical unit vector (∗ indicates dimensional quantities). The flow is driven by variations in
fluid density, A∗, induced by the presence of a solute (CO2) that is quantified by the concentration field C∗, with
0 ≤ C∗ ≤ C∗

max. We consider the density to be a linear function of the solute concentration:
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layer (EmamivMeybodi et al., 2015). This situation is potentially critical, as a fracture of this natural barrier may
allow CO2 to escape to the upper geological layers and eventually to the atmosphere. However, CO2 is partially
miscible with brine, and the resulting mixture (CO2→brine) is heavier than both starting fluids. The process of
accumulation of this heavy mixture at the boundary between the fluid layers is key, as it promotes the formation of
flow instabilities (called plumes or fingers) that, due to convection, increase the mixing rate of CO2 in brine
(EnnisvKing et al., 2005; Xu et al., 2006) and reduce the risk of leakage. Therefore, predicting the mixing rate as a
function of fluid properties, rock properties and formation morphology is the key to accurately address the process
of geological carbon sequestration (Letelier et al., 2023; Ulloa & Letelier, 2022).

The dynamics of the CO2vbrine mixing process is characterized by three main phases (Slim, 2014; Slim
et al., 2013): (a) initially, solute transport is limited to the fluidvfluid interface, and it is controlled by diffusion; (b)
then, when the dense, CO2vrich fluid layer becomes sufficiently thick, it becomes unstable and promotes the
formation of small fingers; (c) these fingers grow vertically and eventually merge with neighboring plumes
generating larger and persistent structures in a statistically steady fashion; (d) finally, when the domain is
saturated with the CO2vrich fluid carried downward by the megaplumes, the mixing of CO2 slows progressively
down (Hewitt et al., 2013). The single dimensionless governing parameter is the RayleighvDarcy number Ra,
which expresses the ratio of the strength of driving (buoyancy) to dissipative (viscosity and molecular diffusion)
mechanisms. It contains the fluids, medium and formation properties, and it may span over few decades, namely
from O↑10↓ (EmamivMeybodi, 2017) to O)105[ (Hu et al., 2023). Despite the highly nonvlinear and transient
character described, this system has been accurately characterized numerically in two dimensions (De
Paoli, 2023; EmamivMeybodi et al., 2015; Hewitt, 2020). The threevdimensional problem, in contrast, is still
partially unexplored, due to the huge computational cost required to accurately resolve the flow at large Ra. With
the exception of few works at moderate Ra (Imuetinyan et al., 2024a, 2024b; Liyanage et al., 2024; Sin
et al., 2024), the opacity of the media represents an intrinsic limitation for the laboratory experiments, preventing
from obtaining simultaneous measurements of flow and solute. In this work, we aim precisely at this gap.

We perform highvresolution, largevscale simulations of solute convection in twov and threevdimensional porous
media at unprecedented RayleighvDarcy numbers, namely up to Ra ↔ 8 ↗ 104. Using this unique database,
which we make available (De Paoli et al., 2025), we provide a detailed characterization of the flow dynamics. We
analyze the flow in terms of the dissolution rate of solute and flow structures near the fluidvfluid interface. First,
we confirm that in twovdimensional systems the dissolution rate during the constantvflux regime (phase iii
described above) agrees with previous findings (De Paoli et al., 2017; Hesse, 2008; Hewitt et al., 2013;
Slim, 2014; Wen, Akhbari, et al., 2018). Then we extend our simulations to 3D flows, and we identify a
remarkable difference with respect to previous works (Pau et al., 2010), suggesting that in 3D the dissolution rate
is not 25% larger than in 2D, but only 13.5%. Finally, we present a physical model that accurately captures the
mixing dynamics, and can be used to design, predict and control the CO2 postvinjection dynamics.

2. Methodology
2.1. Problem Formulation
We consider homogeneous, isotropic and fluidvsaturated porous media characterized by permeability H and
porosity ℓ. We indicate with x∗, z∗ the horizontal directions and with y∗ the vertical direction, perpendicular to the
horizontal boundaries and aligned with gravity g (see Figures 1avi and 1avii). Assuming the validity of the
Boussinesq approximation (Landman & Schotting, 2007; Zonta & Soldati, 2018), the flow is incompressible and
described by the continuity and the Darcy equations:

∇∗ T u∗ ↔ 0, u∗ ↔ ↘H
F↑∇

∗P∗ → A∗gj↓ , ↑1↓

with F the fluid dynamic viscosity (constant), u∗ ↔ ↑u∗,v∗,w∗↓ the volumevaveraged velocity field, P∗ the
pressure, and j the vertical unit vector (∗ indicates dimensional quantities). The flow is driven by variations in
fluid density, A∗, induced by the presence of a solute (CO2) that is quantified by the concentration field C∗, with
0 ≤ C∗ ≤ C∗

max. We consider the density to be a linear function of the solute concentration:

Geophysical Research Letters 10.1029/2025GL114804

DE PAOLI ET AL. 2 of 14

 19448007, 2025, 7, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2025G

L114804 by U
niversity O

f Tw
ente Finance D

epartm
ent, W

iley O
nline Library on [01/04/2025]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License

3D

De Paoli & Pirozzoli (2026), arXiv:2604.23199

X
-
6

D
E

P
A
O
L
I
A
N
D

P
IR

O
Z
Z
O
L
I:

H
O
W

M
O
D
E
L
IN

G
A
S
S
U
M
P
T
IO

N
S
S
H
A
P
E

P
R
E
D
IC

T
IO

N
S
O
F
M
IX

IN
G

T
e
x
t
S
2
.

A
d
d
it
io
n
a
l
d
e
t
a
il
s
o
n

e
n
e
r
g
y
b
u
d
g
e
t
s

W
e
ap

p
ly

th
e
vo
lu
m
e
av
er
ag
e
op

er
at
or

→·↑
=

1/
V
∫ V

·d
V

to
th
e
d
im

en
si
on

le
ss

ad
ve
ct
io
n
-

47

d
i!
u
si
on

eq
u
at
io
n
(S
3)
,
w
h
er
e
V

=
L
x
↓

L
z
in

2D
an

d
V

=
L
x
↓

L
y
↓

L
z
in

3D
.
U
si
n
g
th
e

48

d
iv
er
ge
n
ce

th
eo
re
m
,
th
e
in
co
m
p
re
ss
ib
il
it
y
of

th
e
fl
ow

an
d
th
e
n
o-
p
en
et
ra
ti
on

/p
er
io
d
ic

b
ou

n
d
ar
y

49

co
n
d
it
io
n
s,
w
e
d
er
iv
e
th
e
gl
ob

al
fl
u
x
of

so
lu
te

in
th
e
d
om

ai
n
:

50

ω
→C

↑
ω
t

=
1

R
a
L
z

[ F
(z

=
z
t
o
p
)
↔

F
(z

=
z
b
o
t
)] ,

(S
10
)

w
h
er
e
z
b
o
t
,
z
t
o
p
ar
e
th
e
ve
rt
ic
al

co
or
d
in
at
es

of
th
e
b
ot
to
m

an
d
to
p
b
ou

n
d
ar
ie
s,

an
d
F
(z
)
is

th
e

51

d
i!
u
si
ve

fl
u
x
d
efi
n
ed

as
52

F
(z

i)
=

1 S

∫ S

(
ω
C

ω
z

)

z
=
z i

d
S

(S
11
)

w
it
h
S
=

L
x
or

S
=

L
x
↓
L
y
in

2D
an

d
3D

,
re
sp
ec
ti
ve
ly
.

53

F
ol
lo
w
in
g
p
re
vi
ou

s
w
or
ks

in
se
m
i-
in
fi
n
it
e
la
ye
rs

(H
id
al
go

et
al
.,
20
12
;
D
e
P
ao
li
,
Y
er
ra
go
la
m
,
et

54

al
.,
20
25
),
R
ay
le
ig
h
-B

én
ar
d
fl
ow

s
(O

te
ro

et
al
.,
20
04
;
H
as
sa
n
za
d
eh

et
al
.,
20
14
;
Z
hu

et
al
.,
20
24
;

55

H
u
&

Y
an

g,
20
24
)
an

d
H
el
e-
S
h
aw

fl
ow

s
(L
et
el
ie
r
et

al
.,
20
19
;
U
ll
oa

&
L
et
el
ie
r,
20
22
;
U
ll
oa

et
al
.,

56

20
25
),
to

ob
ta
in

th
e
se
co
n
d
-o
rd
er

b
u
d
ge
ts

w
e
m
u
lt
ip
ly

E
qu

at
io
n
(S
3)

by
C

an
d
ap

p
ly

th
e
vo
lu
m
e

57

av
er
ag
e
op

er
at
or

→·↑
.
A
ss
u
m
in
g
th
e
fl
ow

in
co
m
p
re
ss
ib
le

an
d
u
si
n
g
th
e
d
iv
er
ge
n
ce

th
eo
re
m
,
w
e

58

ob
ta
in

(D
e
P
ao
li
,
20
23
):

59

1 2

ω
→C

2
↑

ω
t

=
1 R
a

 
C
F

L
z

∣ ∣ ∣ ∣ ∣ z
=
z t

o
p

↔
C
F

L
z

∣ ∣ ∣ ∣ ∣ z
=
z b

o
t

↔
ε

 
.

(S
12
)

w
it
h
th
e
m
ea
n
sc
al
ar

d
is
si
p
at
io
n

60

ε
=

→|↗
C
|2 ↑

.
(S
13
)

M
a
y

3
,

2
0
2
6
,

1
0
:
0
7
a
m

z = zi



Marco De Paoli, Mixing of complex fluids in confined porous media 18

Fixed vs. free interface

fixed interface 
(linear)



Marco De Paoli, Mixing of complex fluids in confined porous media 19

Fixed vs. free interface

free interface

fixed interface 
(linear)

flat interfacedeformed interfacedeformed interface



Marco De Paoli, Mixing of complex fluids in confined porous media 20

Mixing

manuscript submitted to Geophysical Research Letters

with n the unit vector normal to the boundary.
(ii) Free interface: L

→
z = 2H→, and no-flux boundary conditions are imposed on both

horizontal boundaries:





ωC
→

ωz→
= 0 , u

→ · n = 0 at z→ = 0

ωC
→

ωz→
= 0 , u

→ · n = 0 at z→ = 2H→
(9)

2.3 Mixing indicators

The instantaneous mixing within the system is quantified by the mean scalar dissipation
(Hidalgo et al., 2012, 2015)

ε = →|↑C|2↓, (10)

where →·↓ = 1/V
∫
V · dV is the volume average operator.

To quantify and compare the mixing state of systems with di!erent boundary con-
ditions, we propose a modified version of the degree of mixing introduced by Jha et al.
(2011). The initial state is characterized by two uniform layers with di!erent concentra-
tions, separated by a sharp interface. Although there is no upper layer in the fixed-interface
configuration, for the sake of comparison with the free-interface, we assume the presence
of a virtual layer with the same height as the lower one and constant, uniform concen-
tration. It follows that the mean concentration variance, defined as ϑ

2 = →C2↓ ↔ →C↓2, is
initially maximal and equal to ϑ

2(t = 0) = ϑ
2
max, and ultimately minimal, corresponding to

ϑ
2(t ↗ ↘) = 0. The variance is representative of the mixing state, which we quantify using

the degree of mixing:

M(t) = 1↔ ϑ
2(t)

ϑ2
max

. (11)

This definition implies 0 ≃ M ≃ 1, where M(t = 0) = 0 (two layers perfectly segregated)
and M(t ↗ ↘) = 1 (complete mixing). Details on energy budgets are provided in Text S1
in Supporting Information S1.

3 Fixed interface system

We consider the system in Figure 1(a-ii), in which the boundary conditions correspond
to Equation (8). Here we briefly recall the flow dynamics, previously discussed for the linear
case (see De Paoli, Zonta, et al. (2025) and references therein), and explore the role of
dimensionality and fluid properties on mixing.

3.1 Flow dynamics

The flow dynamics is characterized by three main regimes (A. C. Slim et al., 2013;
A. Slim, 2014; Hewitt et al., 2013; Hidalgo et al., 2015; De Paoli et al., 2017; De Paoli,
Zonta, et al., 2025).

During the first regime, the domain is initially saturated with fluid at C = 0, with a
constant concentration (density) at the top equal to C = 0 (ϖ = 1). A di!usive boundary
layer develops at the top and thickens, eventually becoming unstable and leading to the
formation of finger-like structures (Figures S3a,b,c,d-i). These fingers promote downward
transport of high-concentration fluid, increasing the bulk concentration.

Once developed, these fingers grow at a nearly constant speed, and the flow enters
the second regime. In this convection-dominated phase, fingers grow vertically, increasing
the bulk concentration (see Figures S3e,f). The 2D and 3D dynamics are similar (compare
Figures S4a,b and Figures S4c,d), with slightly faster finger growth in 3D. However, the ϖ(C)
considered influence the finger growth rate: the fluid density increases more rapidly in the

–6–

with = volume average

Mean scalar dissipation
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3 Fixed interface system

We consider the system in Figure 1(a-ii), in which the boundary conditions correspond
to Equation (8). Here we briefly recall the flow dynamics, previously discussed for the linear
case (see De Paoli, Zonta, et al. (2025) and references therein), and explore the role of
dimensionality and fluid properties on mixing.
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During the first regime, the domain is initially saturated with fluid at C = 0, with a
constant concentration (density) at the top equal to C = 0 (ϖ = 1). A di!usive boundary
layer develops at the top and thickens, eventually becoming unstable and leading to the
formation of finger-like structures (Figures S3a,b,c,d-i). These fingers promote downward
transport of high-concentration fluid, increasing the bulk concentration.

Once developed, these fingers grow at a nearly constant speed, and the flow enters
the second regime. In this convection-dominated phase, fingers grow vertically, increasing
the bulk concentration (see Figures S3e,f). The 2D and 3D dynamics are similar (compare
Figures S4a,b and Figures S4c,d), with slightly faster finger growth in 3D. However, the ϖ(C)
considered influence the finger growth rate: the fluid density increases more rapidly in the
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4.2 Analysis of mixing263

Initially, we have C(x, z → 1, t = 0) = ω/(1 ↑ ω) and C(x, z < 1, t = 0) = ↑1, which264

gives ε2
max = 1/[4(1↑ ω)2]. It follows from Equation (11) that:265

M(t) =
8(1↑ ω)2

Ra

∫ t

0
ϑ dt. (15)

As t ↓ ↔ a uniform concentration field is achieved, and hence ϑ = 0 and M = 1.266

4.2.1 Early-stage dynamics267

We consider the initial concentration field (see Text S3 in Supporting Information S1),268

which varies within the range 0 ↗ C ↗ C+ = ω/(1 ↑ ω). Assuming a semi-infinite domain269

in the vertical direction and u ↘ 0, the solution of Equation (S3) is:270

C(z, t) =
1

2(1↑ ω)

[
2ω↑ 1 + erf

(
(z ↑ 1)Ra

2
≃
tRa

)]
. (16)

Using Equation (16) in (10), we obtain an expression for ϑ:271

ϑ(t) ↘ 1

(1↑ ω)2
1

4

√
Ra

2ϖt
. (17)

(a derivation of these equations is provided in Text S5.1 in Supporting Information S1).272

The evolution of ϑ for the free-interface cases is shown in Figure 2(c-i), and rescaled with273

the coe!cient derived in (17) in Figure 2(c-ii). The dynamics is well predicted by the274

analytical solution. The onset of convection, which is independent of the fluid parameters275

(ω,ϱ), occurs earlier in 2D than in 3D (Figure 2c-i), consistently with the fixed-interface276

configuration.277

Using Equations (17) and (15), the degree of mixing is obtained:278

M(t) =

√
8t

ϖRa
, (18)

which is independent of the fluid parameters ω and ϱ, as expected in the di”usive phase279

where density (and hence convection) plays no role. The early-stage evolution of M(t) for280

all cases, with fixed interface (simulations A) and with a free interface (simulations B and281

C), is reported in the inset of Figure 2(c-iv). Also in this case, ω and ϱ do not influence the282

onset of convection.283

4.2.2 Convection-dominated dynamics284

The di”usive regime is followed by the thickening of the interfacial boundary layer,285

which eventually becomes unstable, leading to the formation of fingers. This process is286

first characterized by an increase in dissipation, which departs from the di”usive behavior287

(0.1 < t < 0.2), due to the formation of fingers that carry solute away from the interface.288

Later (0.2 < t < 0.3), fingers interact and reorganize; the flux diminishes, and fingers289

eventually merge, forming larger descending structures during a phase of slowly decreasing290

dissipation, similarly to what observed in Figure S5(b). In the Rayleigh–Taylor–Darcy case,291

in contrast, the dissipation increases with time (De Paoli, Yerragolam, et al., 2025; De Paoli292

et al., 2019).293

We analyze in Figure 2(b) the local dissipation |⇐C|2 for simulation B3 at di”erent294

times. High values of dissipation are mostly localized in two distinct regions: at the bound-295

aries of the fingers (Gopalakrishnan et al., 2017) and at the fluid–fluid interface. The296

interfacial contribution is by far more dominant than that associated with the fingers, as297

shown in Figure 2(b). As suggested by Hidalgo et al. (2015), the interface is compressed298

–10–
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The instantaneous mixing within the system is quantified by the mean scalar dissipation
(Hidalgo et al., 2012, 2015)

ε = →|↑C|2↓, (10)

where →·↓ = 1/V
∫
V · dV is the volume average operator.

To quantify and compare the mixing state of systems with di!erent boundary con-
ditions, we propose a modified version of the degree of mixing introduced by Jha et al.
(2011). The initial state is characterized by two uniform layers with di!erent concentra-
tions, separated by a sharp interface. Although there is no upper layer in the fixed-interface
configuration, for the sake of comparison with the free-interface, we assume the presence
of a virtual layer with the same height as the lower one and constant, uniform concen-
tration. It follows that the mean concentration variance, defined as ϑ

2 = →C2↓ ↔ →C↓2, is
initially maximal and equal to ϑ

2(t = 0) = ϑ
2
max, and ultimately minimal, corresponding to

ϑ
2(t ↗ ↘) = 0. The variance is representative of the mixing state, which we quantify using

the degree of mixing:

M(t) = 1↔ ϑ
2(t)

ϑ2
max

. (11)

This definition implies 0 ≃ M ≃ 1, where M(t = 0) = 0 (two layers perfectly segregated)
and M(t ↗ ↘) = 1 (complete mixing). Details on energy budgets are provided in Text S1
in Supporting Information S1.

3 Fixed interface system

We consider the system in Figure 1(a-ii), in which the boundary conditions correspond
to Equation (8). Here we briefly recall the flow dynamics, previously discussed for the linear
case (see De Paoli, Zonta, et al. (2025) and references therein), and explore the role of
dimensionality and fluid properties on mixing.

3.1 Flow dynamics

The flow dynamics is characterized by three main regimes (A. C. Slim et al., 2013;
A. Slim, 2014; Hewitt et al., 2013; Hidalgo et al., 2015; De Paoli et al., 2017; De Paoli,
Zonta, et al., 2025).

During the first regime, the domain is initially saturated with fluid at C = 0, with a
constant concentration (density) at the top equal to C = 0 (ϖ = 1). A di!usive boundary
layer develops at the top and thickens, eventually becoming unstable and leading to the
formation of finger-like structures (Figures S3a,b,c,d-i). These fingers promote downward
transport of high-concentration fluid, increasing the bulk concentration.

Once developed, these fingers grow at a nearly constant speed, and the flow enters
the second regime. In this convection-dominated phase, fingers grow vertically, increasing
the bulk concentration (see Figures S3e,f). The 2D and 3D dynamics are similar (compare
Figures S4a,b and Figures S4c,d), with slightly faster finger growth in 3D. However, the ϖ(C)
considered influence the finger growth rate: the fluid density increases more rapidly in the
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with n the unit vector normal to the boundary.
(ii) Free interface: L

→
z = 2H→, and no-flux boundary conditions are imposed on both

horizontal boundaries:

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→

ωz→
= 0 , u

→ · n = 0 at z→ = 0

ωC
→

ωz→
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→ · n = 0 at z→ = 2H→
(9)

2.3 Mixing indicators

The instantaneous mixing within the system is quantified by the mean scalar dissipation
(Hidalgo et al., 2012, 2015)

ε = →|↑C|2↓, (10)

where →·↓ = 1/V
∫
V · dV is the volume average operator.

To quantify and compare the mixing state of systems with di!erent boundary con-
ditions, we propose a modified version of the degree of mixing introduced by Jha et al.
(2011). The initial state is characterized by two uniform layers with di!erent concentra-
tions, separated by a sharp interface. Although there is no upper layer in the fixed-interface
configuration, for the sake of comparison with the free-interface, we assume the presence
of a virtual layer with the same height as the lower one and constant, uniform concen-
tration. It follows that the mean concentration variance, defined as ϑ

2 = →C2↓ ↔ →C↓2, is
initially maximal and equal to ϑ

2(t = 0) = ϑ
2
max, and ultimately minimal, corresponding to

ϑ
2(t ↗ ↘) = 0. The variance is representative of the mixing state, which we quantify using

the degree of mixing:

M(t) = 1↔ ϑ
2(t)

ϑ2
max

. (11)

This definition implies 0 ≃ M ≃ 1, where M(t = 0) = 0 (two layers perfectly segregated)
and M(t ↗ ↘) = 1 (complete mixing). Details on energy budgets are provided in Text S1
in Supporting Information S1.

3 Fixed interface system

We consider the system in Figure 1(a-ii), in which the boundary conditions correspond
to Equation (8). Here we briefly recall the flow dynamics, previously discussed for the linear
case (see De Paoli, Zonta, et al. (2025) and references therein), and explore the role of
dimensionality and fluid properties on mixing.

3.1 Flow dynamics

The flow dynamics is characterized by three main regimes (A. C. Slim et al., 2013;
A. Slim, 2014; Hewitt et al., 2013; Hidalgo et al., 2015; De Paoli et al., 2017; De Paoli,
Zonta, et al., 2025).

During the first regime, the domain is initially saturated with fluid at C = 0, with a
constant concentration (density) at the top equal to C = 0 (ϖ = 1). A di!usive boundary
layer develops at the top and thickens, eventually becoming unstable and leading to the
formation of finger-like structures (Figures S3a,b,c,d-i). These fingers promote downward
transport of high-concentration fluid, increasing the bulk concentration.

Once developed, these fingers grow at a nearly constant speed, and the flow enters
the second regime. In this convection-dominated phase, fingers grow vertically, increasing
the bulk concentration (see Figures S3e,f). The 2D and 3D dynamics are similar (compare
Figures S4a,b and Figures S4c,d), with slightly faster finger growth in 3D. However, the ϖ(C)
considered influence the finger growth rate: the fluid density increases more rapidly in the
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with n the unit vector normal to the boundary.
(ii) Free interface: L

→
z = 2H→, and no-flux boundary conditions are imposed on both

horizontal boundaries:





ωC
→

ωz→
= 0 , u

→ · n = 0 at z→ = 0

ωC
→

ωz→
= 0 , u

→ · n = 0 at z→ = 2H→
(9)

2.3 Mixing indicators

The instantaneous mixing within the system is quantified by the mean scalar dissipation
(Hidalgo et al., 2012, 2015)

ε = →|↑C|2↓, (10)

where →·↓ = 1/V
∫
V · dV is the volume average operator.

To quantify and compare the mixing state of systems with di!erent boundary con-
ditions, we propose a modified version of the degree of mixing introduced by Jha et al.
(2011). The initial state is characterized by two uniform layers with di!erent concentra-
tions, separated by a sharp interface. Although there is no upper layer in the fixed-interface
configuration, for the sake of comparison with the free-interface, we assume the presence
of a virtual layer with the same height as the lower one and constant, uniform concen-
tration. It follows that the mean concentration variance, defined as ϑ

2 = →C2↓ ↔ →C↓2, is
initially maximal and equal to ϑ

2(t = 0) = ϑ
2
max, and ultimately minimal, corresponding to

ϑ
2(t ↗ ↘) = 0. The variance is representative of the mixing state, which we quantify using

the degree of mixing:

M(t) = 1↔ ϑ
2(t)

ϑ2
max

. (11)

This definition implies 0 ≃ M ≃ 1, where M(t = 0) = 0 (two layers perfectly segregated)
and M(t ↗ ↘) = 1 (complete mixing). Details on energy budgets are provided in Text S1
in Supporting Information S1.

3 Fixed interface system

We consider the system in Figure 1(a-ii), in which the boundary conditions correspond
to Equation (8). Here we briefly recall the flow dynamics, previously discussed for the linear
case (see De Paoli, Zonta, et al. (2025) and references therein), and explore the role of
dimensionality and fluid properties on mixing.

3.1 Flow dynamics

The flow dynamics is characterized by three main regimes (A. C. Slim et al., 2013;
A. Slim, 2014; Hewitt et al., 2013; Hidalgo et al., 2015; De Paoli et al., 2017; De Paoli,
Zonta, et al., 2025).

During the first regime, the domain is initially saturated with fluid at C = 0, with a
constant concentration (density) at the top equal to C = 0 (ϖ = 1). A di!usive boundary
layer develops at the top and thickens, eventually becoming unstable and leading to the
formation of finger-like structures (Figures S3a,b,c,d-i). These fingers promote downward
transport of high-concentration fluid, increasing the bulk concentration.

Once developed, these fingers grow at a nearly constant speed, and the flow enters
the second regime. In this convection-dominated phase, fingers grow vertically, increasing
the bulk concentration (see Figures S3e,f). The 2D and 3D dynamics are similar (compare
Figures S4a,b and Figures S4c,d), with slightly faster finger growth in 3D. However, the ϖ(C)
considered influence the finger growth rate: the fluid density increases more rapidly in the
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with n the unit vector normal to the boundary.
(ii) Free interface: L

→
z = 2H→, and no-flux boundary conditions are imposed on both

horizontal boundaries:


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→ · n = 0 at z→ = 0
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→

ωz→
= 0 , u

→ · n = 0 at z→ = 2H→
(9)

2.3 Mixing indicators

The instantaneous mixing within the system is quantified by the mean scalar dissipation
(Hidalgo et al., 2012, 2015)

ε = →|↑C|2↓, (10)

where →·↓ = 1/V
∫
V · dV is the volume average operator.

To quantify and compare the mixing state of systems with di!erent boundary con-
ditions, we propose a modified version of the degree of mixing introduced by Jha et al.
(2011). The initial state is characterized by two uniform layers with di!erent concentra-
tions, separated by a sharp interface. Although there is no upper layer in the fixed-interface
configuration, for the sake of comparison with the free-interface, we assume the presence
of a virtual layer with the same height as the lower one and constant, uniform concen-
tration. It follows that the mean concentration variance, defined as ϑ

2 = →C2↓ ↔ →C↓2, is
initially maximal and equal to ϑ

2(t = 0) = ϑ
2
max, and ultimately minimal, corresponding to

ϑ
2(t ↗ ↘) = 0. The variance is representative of the mixing state, which we quantify using

the degree of mixing:

M(t) = 1↔ ϑ
2(t)

ϑ2
max

. (11)

This definition implies 0 ≃ M ≃ 1, where M(t = 0) = 0 (two layers perfectly segregated)
and M(t ↗ ↘) = 1 (complete mixing). Details on energy budgets are provided in Text S1
in Supporting Information S1.

3 Fixed interface system

We consider the system in Figure 1(a-ii), in which the boundary conditions correspond
to Equation (8). Here we briefly recall the flow dynamics, previously discussed for the linear
case (see De Paoli, Zonta, et al. (2025) and references therein), and explore the role of
dimensionality and fluid properties on mixing.

3.1 Flow dynamics

The flow dynamics is characterized by three main regimes (A. C. Slim et al., 2013;
A. Slim, 2014; Hewitt et al., 2013; Hidalgo et al., 2015; De Paoli et al., 2017; De Paoli,
Zonta, et al., 2025).

During the first regime, the domain is initially saturated with fluid at C = 0, with a
constant concentration (density) at the top equal to C = 0 (ϖ = 1). A di!usive boundary
layer develops at the top and thickens, eventually becoming unstable and leading to the
formation of finger-like structures (Figures S3a,b,c,d-i). These fingers promote downward
transport of high-concentration fluid, increasing the bulk concentration.

Once developed, these fingers grow at a nearly constant speed, and the flow enters
the second regime. In this convection-dominated phase, fingers grow vertically, increasing
the bulk concentration (see Figures S3e,f). The 2D and 3D dynamics are similar (compare
Figures S4a,b and Figures S4c,d), with slightly faster finger growth in 3D. However, the ϖ(C)
considered influence the finger growth rate: the fluid density increases more rapidly in the
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with n the unit vector normal to the boundary.
(ii) Free interface: L

→
z = 2H→, and no-flux boundary conditions are imposed on both

horizontal boundaries:





ωC
→

ωz→
= 0 , u

→ · n = 0 at z→ = 0

ωC
→

ωz→
= 0 , u

→ · n = 0 at z→ = 2H→
(9)

2.3 Mixing indicators

The instantaneous mixing within the system is quantified by the mean scalar dissipation
(Hidalgo et al., 2012, 2015)

ε = →|↑C|2↓, (10)

where →·↓ = 1/V
∫
V · dV is the volume average operator.

To quantify and compare the mixing state of systems with di!erent boundary con-
ditions, we propose a modified version of the degree of mixing introduced by Jha et al.
(2011). The initial state is characterized by two uniform layers with di!erent concentra-
tions, separated by a sharp interface. Although there is no upper layer in the fixed-interface
configuration, for the sake of comparison with the free-interface, we assume the presence
of a virtual layer with the same height as the lower one and constant, uniform concen-
tration. It follows that the mean concentration variance, defined as ϑ

2 = →C2↓ ↔ →C↓2, is
initially maximal and equal to ϑ

2(t = 0) = ϑ
2
max, and ultimately minimal, corresponding to

ϑ
2(t ↗ ↘) = 0. The variance is representative of the mixing state, which we quantify using

the degree of mixing:

M(t) = 1↔ ϑ
2(t)

ϑ2
max

. (11)

This definition implies 0 ≃ M ≃ 1, where M(t = 0) = 0 (two layers perfectly segregated)
and M(t ↗ ↘) = 1 (complete mixing). Details on energy budgets are provided in Text S1
in Supporting Information S1.

3 Fixed interface system

We consider the system in Figure 1(a-ii), in which the boundary conditions correspond
to Equation (8). Here we briefly recall the flow dynamics, previously discussed for the linear
case (see De Paoli, Zonta, et al. (2025) and references therein), and explore the role of
dimensionality and fluid properties on mixing.

3.1 Flow dynamics

The flow dynamics is characterized by three main regimes (A. C. Slim et al., 2013;
A. Slim, 2014; Hewitt et al., 2013; Hidalgo et al., 2015; De Paoli et al., 2017; De Paoli,
Zonta, et al., 2025).

During the first regime, the domain is initially saturated with fluid at C = 0, with a
constant concentration (density) at the top equal to C = 0 (ϖ = 1). A di!usive boundary
layer develops at the top and thickens, eventually becoming unstable and leading to the
formation of finger-like structures (Figures S3a,b,c,d-i). These fingers promote downward
transport of high-concentration fluid, increasing the bulk concentration.

Once developed, these fingers grow at a nearly constant speed, and the flow enters
the second regime. In this convection-dominated phase, fingers grow vertically, increasing
the bulk concentration (see Figures S3e,f). The 2D and 3D dynamics are similar (compare
Figures S4a,b and Figures S4c,d), with slightly faster finger growth in 3D. However, the ϖ(C)
considered influence the finger growth rate: the fluid density increases more rapidly in the
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with n the unit vector normal to the boundary.
(ii) Free interface: L

→
z = 2H→, and no-flux boundary conditions are imposed on both

horizontal boundaries:

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→ · n = 0 at z→ = 0
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→

ωz→
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(9)

2.3 Mixing indicators

The instantaneous mixing within the system is quantified by the mean scalar dissipation
(Hidalgo et al., 2012, 2015)

ε = →|↑C|2↓, (10)

where →·↓ = 1/V
∫
V · dV is the volume average operator.

To quantify and compare the mixing state of systems with di!erent boundary con-
ditions, we propose a modified version of the degree of mixing introduced by Jha et al.
(2011). The initial state is characterized by two uniform layers with di!erent concentra-
tions, separated by a sharp interface. Although there is no upper layer in the fixed-interface
configuration, for the sake of comparison with the free-interface, we assume the presence
of a virtual layer with the same height as the lower one and constant, uniform concen-
tration. It follows that the mean concentration variance, defined as ϑ

2 = →C2↓ ↔ →C↓2, is
initially maximal and equal to ϑ

2(t = 0) = ϑ
2
max, and ultimately minimal, corresponding to

ϑ
2(t ↗ ↘) = 0. The variance is representative of the mixing state, which we quantify using

the degree of mixing:

M(t) = 1↔ ϑ
2(t)

ϑ2
max

. (11)

This definition implies 0 ≃ M ≃ 1, where M(t = 0) = 0 (two layers perfectly segregated)
and M(t ↗ ↘) = 1 (complete mixing). Details on energy budgets are provided in Text S1
in Supporting Information S1.

3 Fixed interface system

We consider the system in Figure 1(a-ii), in which the boundary conditions correspond
to Equation (8). Here we briefly recall the flow dynamics, previously discussed for the linear
case (see De Paoli, Zonta, et al. (2025) and references therein), and explore the role of
dimensionality and fluid properties on mixing.

3.1 Flow dynamics

The flow dynamics is characterized by three main regimes (A. C. Slim et al., 2013;
A. Slim, 2014; Hewitt et al., 2013; Hidalgo et al., 2015; De Paoli et al., 2017; De Paoli,
Zonta, et al., 2025).

During the first regime, the domain is initially saturated with fluid at C = 0, with a
constant concentration (density) at the top equal to C = 0 (ϖ = 1). A di!usive boundary
layer develops at the top and thickens, eventually becoming unstable and leading to the
formation of finger-like structures (Figures S3a,b,c,d-i). These fingers promote downward
transport of high-concentration fluid, increasing the bulk concentration.

Once developed, these fingers grow at a nearly constant speed, and the flow enters
the second regime. In this convection-dominated phase, fingers grow vertically, increasing
the bulk concentration (see Figures S3e,f). The 2D and 3D dynamics are similar (compare
Figures S4a,b and Figures S4c,d), with slightly faster finger growth in 3D. However, the ϖ(C)
considered influence the finger growth rate: the fluid density increases more rapidly in the
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with n the unit vector normal to the boundary.
(ii) Free interface: L

→
z = 2H→, and no-flux boundary conditions are imposed on both

horizontal boundaries:

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→

ωz→
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→ · n = 0 at z→ = 0

ωC
→
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(9)

2.3 Mixing indicators

The instantaneous mixing within the system is quantified by the mean scalar dissipation
(Hidalgo et al., 2012, 2015)

ε = →|↑C|2↓, (10)

where →·↓ = 1/V
∫
V · dV is the volume average operator.

To quantify and compare the mixing state of systems with di!erent boundary con-
ditions, we propose a modified version of the degree of mixing introduced by Jha et al.
(2011). The initial state is characterized by two uniform layers with di!erent concentra-
tions, separated by a sharp interface. Although there is no upper layer in the fixed-interface
configuration, for the sake of comparison with the free-interface, we assume the presence
of a virtual layer with the same height as the lower one and constant, uniform concen-
tration. It follows that the mean concentration variance, defined as ϑ

2 = →C2↓ ↔ →C↓2, is
initially maximal and equal to ϑ

2(t = 0) = ϑ
2
max, and ultimately minimal, corresponding to

ϑ
2(t ↗ ↘) = 0. The variance is representative of the mixing state, which we quantify using

the degree of mixing:

M(t) = 1↔ ϑ
2(t)

ϑ2
max

. (11)

This definition implies 0 ≃ M ≃ 1, where M(t = 0) = 0 (two layers perfectly segregated)
and M(t ↗ ↘) = 1 (complete mixing). Details on energy budgets are provided in Text S1
in Supporting Information S1.

3 Fixed interface system

We consider the system in Figure 1(a-ii), in which the boundary conditions correspond
to Equation (8). Here we briefly recall the flow dynamics, previously discussed for the linear
case (see De Paoli, Zonta, et al. (2025) and references therein), and explore the role of
dimensionality and fluid properties on mixing.

3.1 Flow dynamics

The flow dynamics is characterized by three main regimes (A. C. Slim et al., 2013;
A. Slim, 2014; Hewitt et al., 2013; Hidalgo et al., 2015; De Paoli et al., 2017; De Paoli,
Zonta, et al., 2025).

During the first regime, the domain is initially saturated with fluid at C = 0, with a
constant concentration (density) at the top equal to C = 0 (ϖ = 1). A di!usive boundary
layer develops at the top and thickens, eventually becoming unstable and leading to the
formation of finger-like structures (Figures S3a,b,c,d-i). These fingers promote downward
transport of high-concentration fluid, increasing the bulk concentration.

Once developed, these fingers grow at a nearly constant speed, and the flow enters
the second regime. In this convection-dominated phase, fingers grow vertically, increasing
the bulk concentration (see Figures S3e,f). The 2D and 3D dynamics are similar (compare
Figures S4a,b and Figures S4c,d), with slightly faster finger growth in 3D. However, the ϖ(C)
considered influence the finger growth rate: the fluid density increases more rapidly in the
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with n the unit vector normal to the boundary.
(ii) Free interface: L

→
z = 2H→, and no-flux boundary conditions are imposed on both

horizontal boundaries:
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2.3 Mixing indicators

The instantaneous mixing within the system is quantified by the mean scalar dissipation
(Hidalgo et al., 2012, 2015)

ε = →|↑C|2↓, (10)

where →·↓ = 1/V
∫
V · dV is the volume average operator.

To quantify and compare the mixing state of systems with di!erent boundary con-
ditions, we propose a modified version of the degree of mixing introduced by Jha et al.
(2011). The initial state is characterized by two uniform layers with di!erent concentra-
tions, separated by a sharp interface. Although there is no upper layer in the fixed-interface
configuration, for the sake of comparison with the free-interface, we assume the presence
of a virtual layer with the same height as the lower one and constant, uniform concen-
tration. It follows that the mean concentration variance, defined as ϑ

2 = →C2↓ ↔ →C↓2, is
initially maximal and equal to ϑ

2(t = 0) = ϑ
2
max, and ultimately minimal, corresponding to

ϑ
2(t ↗ ↘) = 0. The variance is representative of the mixing state, which we quantify using

the degree of mixing:

M(t) = 1↔ ϑ
2(t)

ϑ2
max

. (11)

This definition implies 0 ≃ M ≃ 1, where M(t = 0) = 0 (two layers perfectly segregated)
and M(t ↗ ↘) = 1 (complete mixing). Details on energy budgets are provided in Text S1
in Supporting Information S1.

3 Fixed interface system

We consider the system in Figure 1(a-ii), in which the boundary conditions correspond
to Equation (8). Here we briefly recall the flow dynamics, previously discussed for the linear
case (see De Paoli, Zonta, et al. (2025) and references therein), and explore the role of
dimensionality and fluid properties on mixing.

3.1 Flow dynamics

The flow dynamics is characterized by three main regimes (A. C. Slim et al., 2013;
A. Slim, 2014; Hewitt et al., 2013; Hidalgo et al., 2015; De Paoli et al., 2017; De Paoli,
Zonta, et al., 2025).

During the first regime, the domain is initially saturated with fluid at C = 0, with a
constant concentration (density) at the top equal to C = 0 (ϖ = 1). A di!usive boundary
layer develops at the top and thickens, eventually becoming unstable and leading to the
formation of finger-like structures (Figures S3a,b,c,d-i). These fingers promote downward
transport of high-concentration fluid, increasing the bulk concentration.

Once developed, these fingers grow at a nearly constant speed, and the flow enters
the second regime. In this convection-dominated phase, fingers grow vertically, increasing
the bulk concentration (see Figures S3e,f). The 2D and 3D dynamics are similar (compare
Figures S4a,b and Figures S4c,d), with slightly faster finger growth in 3D. However, the ϖ(C)
considered influence the finger growth rate: the fluid density increases more rapidly in the
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4.2 Analysis of mixing263

Initially, we have C(x, z → 1, t = 0) = ω/(1 ↑ ω) and C(x, z < 1, t = 0) = ↑1, which264

gives ε2
max = 1/[4(1↑ ω)2]. It follows from Equation (11) that:265

M(t) =
8(1↑ ω)2

Ra

∫ t

0
ϑ dt. (15)

As t ↓ ↔ a uniform concentration field is achieved, and hence ϑ = 0 and M = 1.266

4.2.1 Early-stage dynamics267

We consider the initial concentration field (see Text S3 in Supporting Information S1),268

which varies within the range 0 ↗ C ↗ C+ = ω/(1 ↑ ω). Assuming a semi-infinite domain269

in the vertical direction and u ↘ 0, the solution of Equation (S3) is:270

C(z, t) =
1

2(1↑ ω)

[
2ω↑ 1 + erf

(
(z ↑ 1)Ra

2
≃
tRa

)]
. (16)

Using Equation (16) in (10), we obtain an expression for ϑ:271

ϑ(t) ↘ 1

(1↑ ω)2
1

4

√
Ra

2ϖt
. (17)

(a derivation of these equations is provided in Text S5.1 in Supporting Information S1).272

The evolution of ϑ for the free-interface cases is shown in Figure 2(c-i), and rescaled with273

the coe!cient derived in (17) in Figure 2(c-ii). The dynamics is well predicted by the274

analytical solution. The onset of convection, which is independent of the fluid parameters275

(ω,ϱ), occurs earlier in 2D than in 3D (Figure 2c-i), consistently with the fixed-interface276

configuration.277

Using Equations (17) and (15), the degree of mixing is obtained:278

M(t) =

√
8t

ϖRa
, (18)

which is independent of the fluid parameters ω and ϱ, as expected in the di”usive phase279

where density (and hence convection) plays no role. The early-stage evolution of M(t) for280

all cases, with fixed interface (simulations A) and with a free interface (simulations B and281

C), is reported in the inset of Figure 2(c-iv). Also in this case, ω and ϱ do not influence the282

onset of convection.283

4.2.2 Convection-dominated dynamics284

The di”usive regime is followed by the thickening of the interfacial boundary layer,285

which eventually becomes unstable, leading to the formation of fingers. This process is286

first characterized by an increase in dissipation, which departs from the di”usive behavior287

(0.1 < t < 0.2), due to the formation of fingers that carry solute away from the interface.288

Later (0.2 < t < 0.3), fingers interact and reorganize; the flux diminishes, and fingers289

eventually merge, forming larger descending structures during a phase of slowly decreasing290

dissipation, similarly to what observed in Figure S5(b). In the Rayleigh–Taylor–Darcy case,291

in contrast, the dissipation increases with time (De Paoli, Yerragolam, et al., 2025; De Paoli292

et al., 2019).293

We analyze in Figure 2(b) the local dissipation |⇐C|2 for simulation B3 at di”erent294

times. High values of dissipation are mostly localized in two distinct regions: at the bound-295

aries of the fingers (Gopalakrishnan et al., 2017) and at the fluid–fluid interface. The296

interfacial contribution is by far more dominant than that associated with the fingers, as297

shown in Figure 2(b). As suggested by Hidalgo et al. (2015), the interface is compressed298
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M(t) =
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As t ↓ ↔ a uniform concentration field is achieved, and hence ϑ = 0 and M = 1.266

4.2.1 Early-stage dynamics267

We consider the initial concentration field (see Text S3 in Supporting Information S1),268
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ϑ(t) ↘ 1

(1↑ ω)2
1

4

√
Ra

2ϖt
. (17)
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onset of convection.283

4.2.2 Convection-dominated dynamics284

The di”usive regime is followed by the thickening of the interfacial boundary layer,285

which eventually becomes unstable, leading to the formation of fingers. This process is286

first characterized by an increase in dissipation, which departs from the di”usive behavior287

(0.1 < t < 0.2), due to the formation of fingers that carry solute away from the interface.288

Later (0.2 < t < 0.3), fingers interact and reorganize; the flux diminishes, and fingers289

eventually merge, forming larger descending structures during a phase of slowly decreasing290

dissipation, similarly to what observed in Figure S5(b). In the Rayleigh–Taylor–Darcy case,291

in contrast, the dissipation increases with time (De Paoli, Yerragolam, et al., 2025; De Paoli292

et al., 2019).293

We analyze in Figure 2(b) the local dissipation |⇐C|2 for simulation B3 at di”erent294

times. High values of dissipation are mostly localized in two distinct regions: at the bound-295

aries of the fingers (Gopalakrishnan et al., 2017) and at the fluid–fluid interface. The296

interfacial contribution is by far more dominant than that associated with the fingers, as297

shown in Figure 2(b). As suggested by Hidalgo et al. (2015), the interface is compressed298

–10–

Diffusive solution



Marco De Paoli, Mixing of complex fluids in confined porous media 28

Mean dissipation and mixing

t

manuscript submitted to Geophysical Research Letters

4.2 Analysis of mixing263

Initially, we have C(x, z → 1, t = 0) = ω/(1 ↑ ω) and C(x, z < 1, t = 0) = ↑1, which264

gives ε2
max = 1/[4(1↑ ω)2]. It follows from Equation (11) that:265

M(t) =
8(1↑ ω)2

Ra

∫ t

0
ϑ dt. (15)

As t ↓ ↔ a uniform concentration field is achieved, and hence ϑ = 0 and M = 1.266

4.2.1 Early-stage dynamics267

We consider the initial concentration field (see Text S3 in Supporting Information S1),268

which varies within the range 0 ↗ C ↗ C+ = ω/(1 ↑ ω). Assuming a semi-infinite domain269

in the vertical direction and u ↘ 0, the solution of Equation (S3) is:270

C(z, t) =
1

2(1↑ ω)

[
2ω↑ 1 + erf

(
(z ↑ 1)Ra

2
≃
tRa

)]
. (16)

Using Equation (16) in (10), we obtain an expression for ϑ:271

ϑ(t) ↘ 1

(1↑ ω)2
1

4

√
Ra

2ϖt
. (17)

(a derivation of these equations is provided in Text S5.1 in Supporting Information S1).272

The evolution of ϑ for the free-interface cases is shown in Figure 2(c-i), and rescaled with273

the coe!cient derived in (17) in Figure 2(c-ii). The dynamics is well predicted by the274

analytical solution. The onset of convection, which is independent of the fluid parameters275

(ω,ϱ), occurs earlier in 2D than in 3D (Figure 2c-i), consistently with the fixed-interface276

configuration.277

Using Equations (17) and (15), the degree of mixing is obtained:278

M(t) =

√
8t

ϖRa
, (18)

which is independent of the fluid parameters ω and ϱ, as expected in the di”usive phase279

where density (and hence convection) plays no role. The early-stage evolution of M(t) for280

all cases, with fixed interface (simulations A) and with a free interface (simulations B and281

C), is reported in the inset of Figure 2(c-iv). Also in this case, ω and ϱ do not influence the282

onset of convection.283

4.2.2 Convection-dominated dynamics284

The di”usive regime is followed by the thickening of the interfacial boundary layer,285

which eventually becomes unstable, leading to the formation of fingers. This process is286

first characterized by an increase in dissipation, which departs from the di”usive behavior287

(0.1 < t < 0.2), due to the formation of fingers that carry solute away from the interface.288

Later (0.2 < t < 0.3), fingers interact and reorganize; the flux diminishes, and fingers289

eventually merge, forming larger descending structures during a phase of slowly decreasing290

dissipation, similarly to what observed in Figure S5(b). In the Rayleigh–Taylor–Darcy case,291

in contrast, the dissipation increases with time (De Paoli, Yerragolam, et al., 2025; De Paoli292

et al., 2019).293

We analyze in Figure 2(b) the local dissipation |⇐C|2 for simulation B3 at di”erent294

times. High values of dissipation are mostly localized in two distinct regions: at the bound-295

aries of the fingers (Gopalakrishnan et al., 2017) and at the fluid–fluid interface. The296

interfacial contribution is by far more dominant than that associated with the fingers, as297

shown in Figure 2(b). As suggested by Hidalgo et al. (2015), the interface is compressed298

–10–



Marco De Paoli, Mixing of complex fluids in confined porous media 29

Mean dissipation and mixing

t

?
Hewitt et al. (2013). J. Fluid Mech., 719

Slim, A. (2014). J. Fluid Mech., 741
Hidalgo et al. (2015). Geophys. Res. Lett., 42 (15)
De Paoli et al. (2025). Geophys. Res. Lett., 52 (7)



Marco De Paoli, Mixing of complex fluids in confined porous media 30

Influence of fluid models on the interface

𝛼 = 0.4, 𝛽 = 0.0 

𝛼 = 0.4, 𝛽 = 1.5 

𝛼 = 0.4, 𝛽 = 3.0 

C$
∗

C#
∗



Marco De Paoli, Mixing of complex fluids in confined porous media 31

Influence of fluid models on the interface

𝛼 = 0.4, 𝛽 = 0.0 

𝛼 = 0.4, 𝛽 = 1.5 

𝛼 = 0.4, 𝛽 = 3.0 

𝛼 = 0.1, 𝛽 = 1.5 

𝛼 = 0.4, 𝛽 = 1.5 

𝛼 = 0.6, 𝛽 = 1.5 

C$
∗

C#
∗



Marco De Paoli, Mixing of complex fluids in confined porous media 32

Mean dissipation and mixing

Hidalgo, J., Dentz, M., Cabeza, Y., & Carrera, J. (2015). Geophys. Res. Lett., 42 (15), 6357–6364.

manuscript submitted to Geophysical Research Letters

in the interfinger spacing, and thus the concentration gradient is large in those regions.299

The flow evolution leads to a reduction in the number of fingers, e.g., from 22 at t = 1 in300

Figure 2(b-i) to 17 at t = 7 in Figure 2(b-ii). The concentration gradients at the sides of301

the fingers (see Figure 2b-ii), as well as across the interface (not visible due to the chosen302

color scale), decrease. These combined e!ects provide a physical interpretation of the weak303

decrease in time of ω in Figure 2(c-i).304

In Figure 2(c-i), the dissipation in the convection-dominated phase is larger in 3D than305

in 2D in most of the cases considered. This observation agrees with previous findings in the306

fixed-interface configuration (Fu et al., 2013; Pau et al., 2010; De Paoli, Zonta, et al., 2025),307

and is attributed to the larger vertical velocities achieved in 3D due to the additional degree308

of freedom. Recently, Imuetinyan et al. (2026) reported the opposite e!ect for ε = 0.5 and309

ϑ = 0, with mixing faster in 2D than in 3D, and attributed this behavior to the larger310

interface deformation occurring in 2D. We confirm here the same dynamics, see for instance311

simulations C1 and C4, for which ε = 0.4 and ϑ = 0. In this case, the interface is much312

more deformed in 2D than in 3D (see a direct comparison in Figure S11), and as a result313

the dissipation is larger in 2D (Figure 2c-i). However, the e!ect of dimensionality on the314

evolution of mixing is di”cult to characterize due to its transient nature: for instance, C1315

exhibits smaller dissipation than C4 prior to the convection-dominated phase. Therefore, for316

a thorough description of the role of dimensionality, ε and ϑ should be considered together317

with specific values of time or degree of mixing. Details are provided in Section 5.318

4.2.3 Shutdown dynamics319

When the concentration in the bulk increases, and so does in the boundary layer below320

the interface, the driving progressively reduces. As a result, mixing (quantified by ω in321

Figure 2c-i) also decreases. The time at which this convective shutdown occurs is 7 < ts <322

9, and it also marks a di!erent distribution of low/high dissipation regions in the flow.323

Large concentration gradients, indicating large values of |→C|2 and initially localized at the324

finger boundaries and in the interfinger interfacial regions (Figure 2b-i,b-ii), are now mostly325

concentrated at the roots of the fingers (Figure 2b-iii).326

The key role of interfacial dynamics has stimulated the development of physical models327

capable of predicting its behavior and, simultaneously, describing mixing and bulk concen-328

tration. The model proposed by Hewitt et al. (2013), which we test in detail in Text S5.3329

in Supporting Information S1, provides an excellent prediction of the fixed-interface system330

and also of the free-interface system, but only in the presence of partially miscible fluids and331

large values of C+, when the interface remains mostly flat and the corresponding boundary332

layer thickness is uniform. In our case, in contrast, fluids are fully miscible, and the interface333

topology evolves following a complex dynamics that this model fails to capture.334

We propose a model to explain the evolution of ω and M during the shutdown phase.335

Dissipation is localized at the interface, with minor contributions from the finger boundaries336

(Figure 2b-iii). Assuming |ϖxC| ↑ |ϖyC| ↓ |ϖzC|, and given an interface thickness ϱ, ω can337

be approximated as:338

ω = ↔|→C|2↗ ↑ ϱ

Lz

(
C+ ↘ C→

ϱ

)2

, (19)

with C+ ↘C→ = 1/(1↘ε). We assume that ϱ(t) depends on C+ ↘C→ and on a function of339

time, f(t), that is independent of the fluid parameters:340

ϱ(t) = (C+ ↘ C→) f(t) =
f(t)

1↘ ε
. (20)

The independence of ϱ from the parameter ϑ is motivated by the fact that interface growth is341

primarily related to di!usive processes and therefore, to leading order, not directly controlled342

by the density di!erence (ϑ). Using (20) in (19), we obtain that the mean dissipation during343
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in the interfinger spacing, and thus the concentration gradient is large in those regions.299
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Figure 2(b-i) to 17 at t = 7 in Figure 2(b-ii). The concentration gradients at the sides of301

the fingers (see Figure 2b-ii), as well as across the interface (not visible due to the chosen302

color scale), decrease. These combined e!ects provide a physical interpretation of the weak303

decrease in time of ω in Figure 2(c-i).304

In Figure 2(c-i), the dissipation in the convection-dominated phase is larger in 3D than305

in 2D in most of the cases considered. This observation agrees with previous findings in the306

fixed-interface configuration (Fu et al., 2013; Pau et al., 2010; De Paoli, Zonta, et al., 2025),307
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9, and it also marks a di!erent distribution of low/high dissipation regions in the flow.323
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in Supporting Information S1, provides an excellent prediction of the fixed-interface system330

and also of the free-interface system, but only in the presence of partially miscible fluids and331

large values of C+, when the interface remains mostly flat and the corresponding boundary332

layer thickness is uniform. In our case, in contrast, fluids are fully miscible, and the interface333

topology evolves following a complex dynamics that this model fails to capture.334

We propose a model to explain the evolution of ω and M during the shutdown phase.335

Dissipation is localized at the interface, with minor contributions from the finger boundaries336

(Figure 2b-iii). Assuming |ϖxC| ↑ |ϖyC| ↓ |ϖzC|, and given an interface thickness ϱ, ω can337
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in the interfinger spacing, and thus the concentration gradient is large in those regions.299
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Figure 2c-i) also decreases. The time at which this convective shutdown occurs is 7 < ts <322

9, and it also marks a di!erent distribution of low/high dissipation regions in the flow.323

Large concentration gradients, indicating large values of |→C|2 and initially localized at the324

finger boundaries and in the interfinger interfacial regions (Figure 2b-i,b-ii), are now mostly325
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large values of C+, when the interface remains mostly flat and the corresponding boundary332

layer thickness is uniform. In our case, in contrast, fluids are fully miscible, and the interface333

topology evolves following a complex dynamics that this model fails to capture.334

We propose a model to explain the evolution of ω and M during the shutdown phase.335

Dissipation is localized at the interface, with minor contributions from the finger boundaries336

(Figure 2b-iii). Assuming |ϖxC| ↑ |ϖyC| ↓ |ϖzC|, and given an interface thickness ϱ, ω can337
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primarily related to di!usive processes and therefore, to leading order, not directly controlled342
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in the interfinger spacing, and thus the concentration gradient is large in those regions.299
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with specific values of time or degree of mixing. Details are provided in Section 5.318

4.2.3 Shutdown dynamics319

When the concentration in the bulk increases, and so does in the boundary layer below320

the interface, the driving progressively reduces. As a result, mixing (quantified by ω in321

Figure 2c-i) also decreases. The time at which this convective shutdown occurs is 7 < ts <322

9, and it also marks a di!erent distribution of low/high dissipation regions in the flow.323

Large concentration gradients, indicating large values of |→C|2 and initially localized at the324

finger boundaries and in the interfinger interfacial regions (Figure 2b-i,b-ii), are now mostly325

concentrated at the roots of the fingers (Figure 2b-iii).326

The key role of interfacial dynamics has stimulated the development of physical models327

capable of predicting its behavior and, simultaneously, describing mixing and bulk concen-328

tration. The model proposed by Hewitt et al. (2013), which we test in detail in Text S5.3329

in Supporting Information S1, provides an excellent prediction of the fixed-interface system330

and also of the free-interface system, but only in the presence of partially miscible fluids and331

large values of C+, when the interface remains mostly flat and the corresponding boundary332

layer thickness is uniform. In our case, in contrast, fluids are fully miscible, and the interface333

topology evolves following a complex dynamics that this model fails to capture.334

We propose a model to explain the evolution of ω and M during the shutdown phase.335

Dissipation is localized at the interface, with minor contributions from the finger boundaries336

(Figure 2b-iii). Assuming |ϖxC| ↑ |ϖyC| ↓ |ϖzC|, and given an interface thickness ϱ, ω can337

be approximated as:338

ω = ↔|→C|2↗ ↑ ϱ

Lz

(
C+ ↘ C→

ϱ

)2

, (19)

with C+ ↘C→ = 1/(1↘ε). We assume that ϱ(t) depends on C+ ↘C→ and on a function of339

time, f(t), that is independent of the fluid parameters:340

ϱ(t) = (C+ ↘ C→) f(t) =
f(t)

1↘ ε
. (20)

The independence of ϱ from the parameter ϑ is motivated by the fact that interface growth is341

primarily related to di!usive processes and therefore, to leading order, not directly controlled342

by the density di!erence (ϑ). Using (20) in (19), we obtain that the mean dissipation during343
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the shutdown regime is344

ωsd(t) =
1

2(1→ ε)f(t)
, (21)

where f(t) = [a1 + (t→ ts)]/a2, with a1 = 3.376 and a2 = 652.9 determined from fitting of345

the numerical results. The functional form employed for f(t) is obtained from models based346

on interface deformation proposed by Hidalgo et al. (2015). According to this model, a1 and347

a2 depend on the e!ective finger width, ϑ, h(t = 0), Lx, Ly, and the exponent n of the power348

law ϖ(C) (n ↑ 2). In the present study, all these parameters, except the e!ective finger and349

interface widths, are constant, and therefore a1, a2 can be interpreted as a measure of those350

quantities. Equation (21) provides an excellent estimate of the evolution of dissipation, see351

Figure 2(c-iii). All simulations, with the exception of B1 and B4, which have an interface352

quickly reaching the upper boundary, follow the predicted ωsd, confirming the accuracy of353

the proposed model.354

The degree of mixing in this phase, reported in the main panel of Figure 2(c-iv), suggests355

that higher mixing is achieved for small ε, e.g., for simulations B1 and B4 (ε = 0.1).356

This result, counter-intuitive given the smaller values of dissipation recorded for small ε357

(see Figure 2c-i), is due to the definition of degree of mixing provided in Equation (15),358

which accounts not only for ω(t) but also for ε. The evolution of M describes, through a359

single global indicator, the evolution of the system and will be used to compare di!erent360

configurations.361

5 Discussion and conclusions362

The dynamics during the shutdown regime is key to predicting the long-term flow363

behavior and fluid mixing, as it is, by far, responsible for the major proportion (50% to 80%)364

of overall mixing. This is quantified via the degree of mixing in the main panel of Figure 2(c-365

iv), which depends on the history of the system. Therefore, it is di”cult to interpret the366

late-time flow dynamics without accounting for the previous phases contributing to mixing.367

To analyze and compare the role of di!erent e!ects, we consider the time t% required to368

achieve a prescribed degree of mixing M%. For instance, t30% corresponds to the time369

required to reach M = 0.3.370

The results reported in Figure 3 highlight the role of modeling assumptions (monotonic371

ϖ(C), 2D, fixed interface) relative to the most complete model considered here (3D, non-372

monotonic ϖ(C), free interface). The following e!ects emerge:373

i) Interface model: Despite the dependence of M(t) on ε and ϱ, mixing is initially374

more e”cient in the free-interface systems (Figure 2c-iv). However, at long times375

this is, in general, no longer true and depends on the flow parameters. 3D results in376

Figure 3(a,b) confirm this, indicating that t30% is smaller for the free-interface case377

compared to the fixed-interface case. For higher degrees of mixing (t50%, t70%), the378

threshold value for which the free- and fixed-interface systems exhibit the same t%379

depends on the fluid parameters (ε,ϱ), with ε playing a leading role.380

ii) Dimensionality: The onset of convection occurs earlier in 2D than in 3D (see Fig-381

ure 2c-i), and this e!ect is clearly reflected in the time ratio at t1% reported in382

Figure 3(c). The dissipation during the convection-dominated phase may be higher383

in 3D than in 2D, or vice versa (e.g., for ε = 0.5 and ϱ = 0, in agreement with384

Imuetinyan et al. (2026)), depending on the fluid parameters (ε,ϱ) (see Figure 2c-ii).385

The cumulative mixing in these regimes yields a complex, time-dependent picture:386

for all times considered (t20%–t70%, Figure 3c), two distinct regions of the parameter387

space (ε,ϱ) exist in which mixing may be faster (up to 20%) or slower (up to 6%) in388

3D than in 2D.389

iii) Fluid properties: The most e!ective parameter combination for faster mixing can390

be derived from Figures 3(a,b). The dominant parameter is ε: the smaller ε, the391

sooner a given degree of mixing is achieved, in agreement with previous observations392
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in the interfinger spacing, and thus the concentration gradient is large in those regions.299

The flow evolution leads to a reduction in the number of fingers, e.g., from 22 at t = 1 in300

Figure 2(b-i) to 17 at t = 7 in Figure 2(b-ii). The concentration gradients at the sides of301

the fingers (see Figure 2b-ii), as well as across the interface (not visible due to the chosen302

color scale), decrease. These combined e!ects provide a physical interpretation of the weak303

decrease in time of ω in Figure 2(c-i).304

In Figure 2(c-i), the dissipation in the convection-dominated phase is larger in 3D than305

in 2D in most of the cases considered. This observation agrees with previous findings in the306

fixed-interface configuration (Fu et al., 2013; Pau et al., 2010; De Paoli, Zonta, et al., 2025),307

and is attributed to the larger vertical velocities achieved in 3D due to the additional degree308

of freedom. Recently, Imuetinyan et al. (2026) reported the opposite e!ect for ε = 0.5 and309

ϑ = 0, with mixing faster in 2D than in 3D, and attributed this behavior to the larger310

interface deformation occurring in 2D. We confirm here the same dynamics, see for instance311

simulations C1 and C4, for which ε = 0.4 and ϑ = 0. In this case, the interface is much312

more deformed in 2D than in 3D (see a direct comparison in Figure S11), and as a result313

the dissipation is larger in 2D (Figure 2c-i). However, the e!ect of dimensionality on the314

evolution of mixing is di”cult to characterize due to its transient nature: for instance, C1315

exhibits smaller dissipation than C4 prior to the convection-dominated phase. Therefore, for316

a thorough description of the role of dimensionality, ε and ϑ should be considered together317

with specific values of time or degree of mixing. Details are provided in Section 5.318

4.2.3 Shutdown dynamics319

When the concentration in the bulk increases, and so does in the boundary layer below320

the interface, the driving progressively reduces. As a result, mixing (quantified by ω in321

Figure 2c-i) also decreases. The time at which this convective shutdown occurs is 7 < ts <322

9, and it also marks a di!erent distribution of low/high dissipation regions in the flow.323

Large concentration gradients, indicating large values of |→C|2 and initially localized at the324

finger boundaries and in the interfinger interfacial regions (Figure 2b-i,b-ii), are now mostly325

concentrated at the roots of the fingers (Figure 2b-iii).326

The key role of interfacial dynamics has stimulated the development of physical models327

capable of predicting its behavior and, simultaneously, describing mixing and bulk concen-328

tration. The model proposed by Hewitt et al. (2013), which we test in detail in Text S5.3329

in Supporting Information S1, provides an excellent prediction of the fixed-interface system330

and also of the free-interface system, but only in the presence of partially miscible fluids and331

large values of C+, when the interface remains mostly flat and the corresponding boundary332

layer thickness is uniform. In our case, in contrast, fluids are fully miscible, and the interface333

topology evolves following a complex dynamics that this model fails to capture.334

We propose a model to explain the evolution of ω and M during the shutdown phase.335

Dissipation is localized at the interface, with minor contributions from the finger boundaries336

(Figure 2b-iii). Assuming |ϖxC| ↑ |ϖyC| ↓ |ϖzC|, and given an interface thickness ϱ, ω can337

be approximated as:338

ω = ↔|→C|2↗ ↑ ϱ

Lz

(
C+ ↘ C→

ϱ

)2

, (19)

with C+ ↘C→ = 1/(1↘ε). We assume that ϱ(t) depends on C+ ↘C→ and on a function of339

time, f(t), that is independent of the fluid parameters:340

ϱ(t) = (C+ ↘ C→) f(t) =
f(t)

1↘ ε
. (20)

The independence of ϱ from the parameter ϑ is motivated by the fact that interface growth is341

primarily related to di!usive processes and therefore, to leading order, not directly controlled342

by the density di!erence (ϑ). Using (20) in (19), we obtain that the mean dissipation during343
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in the interfinger spacing, and thus the concentration gradient is large in those regions.299

The flow evolution leads to a reduction in the number of fingers, e.g., from 22 at t = 1 in300

Figure 2(b-i) to 17 at t = 7 in Figure 2(b-ii). The concentration gradients at the sides of301

the fingers (see Figure 2b-ii), as well as across the interface (not visible due to the chosen302

color scale), decrease. These combined e!ects provide a physical interpretation of the weak303

decrease in time of ω in Figure 2(c-i).304

In Figure 2(c-i), the dissipation in the convection-dominated phase is larger in 3D than305

in 2D in most of the cases considered. This observation agrees with previous findings in the306

fixed-interface configuration (Fu et al., 2013; Pau et al., 2010; De Paoli, Zonta, et al., 2025),307

and is attributed to the larger vertical velocities achieved in 3D due to the additional degree308

of freedom. Recently, Imuetinyan et al. (2026) reported the opposite e!ect for ε = 0.5 and309

ϑ = 0, with mixing faster in 2D than in 3D, and attributed this behavior to the larger310

interface deformation occurring in 2D. We confirm here the same dynamics, see for instance311

simulations C1 and C4, for which ε = 0.4 and ϑ = 0. In this case, the interface is much312

more deformed in 2D than in 3D (see a direct comparison in Figure S11), and as a result313

the dissipation is larger in 2D (Figure 2c-i). However, the e!ect of dimensionality on the314

evolution of mixing is di”cult to characterize due to its transient nature: for instance, C1315

exhibits smaller dissipation than C4 prior to the convection-dominated phase. Therefore, for316

a thorough description of the role of dimensionality, ε and ϑ should be considered together317

with specific values of time or degree of mixing. Details are provided in Section 5.318

4.2.3 Shutdown dynamics319

When the concentration in the bulk increases, and so does in the boundary layer below320

the interface, the driving progressively reduces. As a result, mixing (quantified by ω in321

Figure 2c-i) also decreases. The time at which this convective shutdown occurs is 7 < ts <322

9, and it also marks a di!erent distribution of low/high dissipation regions in the flow.323

Large concentration gradients, indicating large values of |→C|2 and initially localized at the324

finger boundaries and in the interfinger interfacial regions (Figure 2b-i,b-ii), are now mostly325

concentrated at the roots of the fingers (Figure 2b-iii).326

The key role of interfacial dynamics has stimulated the development of physical models327

capable of predicting its behavior and, simultaneously, describing mixing and bulk concen-328

tration. The model proposed by Hewitt et al. (2013), which we test in detail in Text S5.3329

in Supporting Information S1, provides an excellent prediction of the fixed-interface system330

and also of the free-interface system, but only in the presence of partially miscible fluids and331

large values of C+, when the interface remains mostly flat and the corresponding boundary332

layer thickness is uniform. In our case, in contrast, fluids are fully miscible, and the interface333

topology evolves following a complex dynamics that this model fails to capture.334

We propose a model to explain the evolution of ω and M during the shutdown phase.335

Dissipation is localized at the interface, with minor contributions from the finger boundaries336

(Figure 2b-iii). Assuming |ϖxC| ↑ |ϖyC| ↓ |ϖzC|, and given an interface thickness ϱ, ω can337

be approximated as:338

ω = ↔|→C|2↗ ↑ ϱ

Lz

(
C+ ↘ C→

ϱ

)2

, (19)

with C+ ↘C→ = 1/(1↘ε). We assume that ϱ(t) depends on C+ ↘C→ and on a function of339

time, f(t), that is independent of the fluid parameters:340

ϱ(t) = (C+ ↘ C→) f(t) =
f(t)

1↘ ε
. (20)

The independence of ϱ from the parameter ϑ is motivated by the fact that interface growth is341

primarily related to di!usive processes and therefore, to leading order, not directly controlled342

by the density di!erence (ϑ). Using (20) in (19), we obtain that the mean dissipation during343

–11–

34

Mean dissipation and mixing

Interface deformation model 
by Hidalgo et al. (2015)

Hidalgo, J., Dentz, M., Cabeza, Y., & Carrera, J. (2015). Geophys. Res. Lett., 42 (15), 6357–6364.

manuscript submitted to Geophysical Research Letters

in the interfinger spacing, and thus the concentration gradient is large in those regions.299

The flow evolution leads to a reduction in the number of fingers, e.g., from 22 at t = 1 in300

Figure 2(b-i) to 17 at t = 7 in Figure 2(b-ii). The concentration gradients at the sides of301

the fingers (see Figure 2b-ii), as well as across the interface (not visible due to the chosen302

color scale), decrease. These combined e!ects provide a physical interpretation of the weak303

decrease in time of ω in Figure 2(c-i).304

In Figure 2(c-i), the dissipation in the convection-dominated phase is larger in 3D than305

in 2D in most of the cases considered. This observation agrees with previous findings in the306

fixed-interface configuration (Fu et al., 2013; Pau et al., 2010; De Paoli, Zonta, et al., 2025),307

and is attributed to the larger vertical velocities achieved in 3D due to the additional degree308

of freedom. Recently, Imuetinyan et al. (2026) reported the opposite e!ect for ε = 0.5 and309

ϑ = 0, with mixing faster in 2D than in 3D, and attributed this behavior to the larger310

interface deformation occurring in 2D. We confirm here the same dynamics, see for instance311

simulations C1 and C4, for which ε = 0.4 and ϑ = 0. In this case, the interface is much312

more deformed in 2D than in 3D (see a direct comparison in Figure S11), and as a result313

the dissipation is larger in 2D (Figure 2c-i). However, the e!ect of dimensionality on the314

evolution of mixing is di”cult to characterize due to its transient nature: for instance, C1315

exhibits smaller dissipation than C4 prior to the convection-dominated phase. Therefore, for316

a thorough description of the role of dimensionality, ε and ϑ should be considered together317

with specific values of time or degree of mixing. Details are provided in Section 5.318

4.2.3 Shutdown dynamics319

When the concentration in the bulk increases, and so does in the boundary layer below320

the interface, the driving progressively reduces. As a result, mixing (quantified by ω in321

Figure 2c-i) also decreases. The time at which this convective shutdown occurs is 7 < ts <322

9, and it also marks a di!erent distribution of low/high dissipation regions in the flow.323

Large concentration gradients, indicating large values of |→C|2 and initially localized at the324

finger boundaries and in the interfinger interfacial regions (Figure 2b-i,b-ii), are now mostly325

concentrated at the roots of the fingers (Figure 2b-iii).326

The key role of interfacial dynamics has stimulated the development of physical models327

capable of predicting its behavior and, simultaneously, describing mixing and bulk concen-328

tration. The model proposed by Hewitt et al. (2013), which we test in detail in Text S5.3329

in Supporting Information S1, provides an excellent prediction of the fixed-interface system330

and also of the free-interface system, but only in the presence of partially miscible fluids and331

large values of C+, when the interface remains mostly flat and the corresponding boundary332

layer thickness is uniform. In our case, in contrast, fluids are fully miscible, and the interface333

topology evolves following a complex dynamics that this model fails to capture.334

We propose a model to explain the evolution of ω and M during the shutdown phase.335

Dissipation is localized at the interface, with minor contributions from the finger boundaries336

(Figure 2b-iii). Assuming |ϖxC| ↑ |ϖyC| ↓ |ϖzC|, and given an interface thickness ϱ, ω can337

be approximated as:338

ω = ↔|→C|2↗ ↑ ϱ

Lz

(
C+ ↘ C→

ϱ

)2

, (19)

with C+ ↘C→ = 1/(1↘ε). We assume that ϱ(t) depends on C+ ↘C→ and on a function of339

time, f(t), that is independent of the fluid parameters:340

ϱ(t) = (C+ ↘ C→) f(t) =
f(t)

1↘ ε
. (20)

The independence of ϱ from the parameter ϑ is motivated by the fact that interface growth is341

primarily related to di!usive processes and therefore, to leading order, not directly controlled342

by the density di!erence (ϑ). Using (20) in (19), we obtain that the mean dissipation during343
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in the interfinger spacing, and thus the concentration gradient is large in those regions.299

The flow evolution leads to a reduction in the number of fingers, e.g., from 22 at t = 1 in300

Figure 2(b-i) to 17 at t = 7 in Figure 2(b-ii). The concentration gradients at the sides of301

the fingers (see Figure 2b-ii), as well as across the interface (not visible due to the chosen302

color scale), decrease. These combined e!ects provide a physical interpretation of the weak303

decrease in time of ω in Figure 2(c-i).304

In Figure 2(c-i), the dissipation in the convection-dominated phase is larger in 3D than305

in 2D in most of the cases considered. This observation agrees with previous findings in the306

fixed-interface configuration (Fu et al., 2013; Pau et al., 2010; De Paoli, Zonta, et al., 2025),307

and is attributed to the larger vertical velocities achieved in 3D due to the additional degree308

of freedom. Recently, Imuetinyan et al. (2026) reported the opposite e!ect for ε = 0.5 and309

ϑ = 0, with mixing faster in 2D than in 3D, and attributed this behavior to the larger310

interface deformation occurring in 2D. We confirm here the same dynamics, see for instance311

simulations C1 and C4, for which ε = 0.4 and ϑ = 0. In this case, the interface is much312

more deformed in 2D than in 3D (see a direct comparison in Figure S11), and as a result313

the dissipation is larger in 2D (Figure 2c-i). However, the e!ect of dimensionality on the314

evolution of mixing is di”cult to characterize due to its transient nature: for instance, C1315

exhibits smaller dissipation than C4 prior to the convection-dominated phase. Therefore, for316

a thorough description of the role of dimensionality, ε and ϑ should be considered together317

with specific values of time or degree of mixing. Details are provided in Section 5.318

4.2.3 Shutdown dynamics319

When the concentration in the bulk increases, and so does in the boundary layer below320

the interface, the driving progressively reduces. As a result, mixing (quantified by ω in321

Figure 2c-i) also decreases. The time at which this convective shutdown occurs is 7 < ts <322

9, and it also marks a di!erent distribution of low/high dissipation regions in the flow.323

Large concentration gradients, indicating large values of |→C|2 and initially localized at the324

finger boundaries and in the interfinger interfacial regions (Figure 2b-i,b-ii), are now mostly325

concentrated at the roots of the fingers (Figure 2b-iii).326

The key role of interfacial dynamics has stimulated the development of physical models327

capable of predicting its behavior and, simultaneously, describing mixing and bulk concen-328

tration. The model proposed by Hewitt et al. (2013), which we test in detail in Text S5.3329

in Supporting Information S1, provides an excellent prediction of the fixed-interface system330

and also of the free-interface system, but only in the presence of partially miscible fluids and331

large values of C+, when the interface remains mostly flat and the corresponding boundary332

layer thickness is uniform. In our case, in contrast, fluids are fully miscible, and the interface333

topology evolves following a complex dynamics that this model fails to capture.334

We propose a model to explain the evolution of ω and M during the shutdown phase.335

Dissipation is localized at the interface, with minor contributions from the finger boundaries336

(Figure 2b-iii). Assuming |ϖxC| ↑ |ϖyC| ↓ |ϖzC|, and given an interface thickness ϱ, ω can337

be approximated as:338

ω = ↔|→C|2↗ ↑ ϱ

Lz

(
C+ ↘ C→

ϱ

)2

, (19)

with C+ ↘C→ = 1/(1↘ε). We assume that ϱ(t) depends on C+ ↘C→ and on a function of339

time, f(t), that is independent of the fluid parameters:340

ϱ(t) = (C+ ↘ C→) f(t) =
f(t)

1↘ ε
. (20)

The independence of ϱ from the parameter ϑ is motivated by the fact that interface growth is341

primarily related to di!usive processes and therefore, to leading order, not directly controlled342

by the density di!erence (ϑ). Using (20) in (19), we obtain that the mean dissipation during343
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in the interfinger spacing, and thus the concentration gradient is large in those regions.299

The flow evolution leads to a reduction in the number of fingers, e.g., from 22 at t = 1 in300

Figure 2(b-i) to 17 at t = 7 in Figure 2(b-ii). The concentration gradients at the sides of301

the fingers (see Figure 2b-ii), as well as across the interface (not visible due to the chosen302

color scale), decrease. These combined e!ects provide a physical interpretation of the weak303

decrease in time of ω in Figure 2(c-i).304

In Figure 2(c-i), the dissipation in the convection-dominated phase is larger in 3D than305

in 2D in most of the cases considered. This observation agrees with previous findings in the306

fixed-interface configuration (Fu et al., 2013; Pau et al., 2010; De Paoli, Zonta, et al., 2025),307

and is attributed to the larger vertical velocities achieved in 3D due to the additional degree308

of freedom. Recently, Imuetinyan et al. (2026) reported the opposite e!ect for ε = 0.5 and309

ϑ = 0, with mixing faster in 2D than in 3D, and attributed this behavior to the larger310

interface deformation occurring in 2D. We confirm here the same dynamics, see for instance311

simulations C1 and C4, for which ε = 0.4 and ϑ = 0. In this case, the interface is much312

more deformed in 2D than in 3D (see a direct comparison in Figure S11), and as a result313

the dissipation is larger in 2D (Figure 2c-i). However, the e!ect of dimensionality on the314

evolution of mixing is di”cult to characterize due to its transient nature: for instance, C1315

exhibits smaller dissipation than C4 prior to the convection-dominated phase. Therefore, for316

a thorough description of the role of dimensionality, ε and ϑ should be considered together317

with specific values of time or degree of mixing. Details are provided in Section 5.318

4.2.3 Shutdown dynamics319

When the concentration in the bulk increases, and so does in the boundary layer below320

the interface, the driving progressively reduces. As a result, mixing (quantified by ω in321

Figure 2c-i) also decreases. The time at which this convective shutdown occurs is 7 < ts <322

9, and it also marks a di!erent distribution of low/high dissipation regions in the flow.323

Large concentration gradients, indicating large values of |→C|2 and initially localized at the324

finger boundaries and in the interfinger interfacial regions (Figure 2b-i,b-ii), are now mostly325

concentrated at the roots of the fingers (Figure 2b-iii).326

The key role of interfacial dynamics has stimulated the development of physical models327

capable of predicting its behavior and, simultaneously, describing mixing and bulk concen-328

tration. The model proposed by Hewitt et al. (2013), which we test in detail in Text S5.3329

in Supporting Information S1, provides an excellent prediction of the fixed-interface system330

and also of the free-interface system, but only in the presence of partially miscible fluids and331

large values of C+, when the interface remains mostly flat and the corresponding boundary332

layer thickness is uniform. In our case, in contrast, fluids are fully miscible, and the interface333

topology evolves following a complex dynamics that this model fails to capture.334

We propose a model to explain the evolution of ω and M during the shutdown phase.335

Dissipation is localized at the interface, with minor contributions from the finger boundaries336

(Figure 2b-iii). Assuming |ϖxC| ↑ |ϖyC| ↓ |ϖzC|, and given an interface thickness ϱ, ω can337

be approximated as:338

ω = ↔|→C|2↗ ↑ ϱ
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(
C+ ↘ C→

ϱ
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, (19)

with C+ ↘C→ = 1/(1↘ε). We assume that ϱ(t) depends on C+ ↘C→ and on a function of339

time, f(t), that is independent of the fluid parameters:340

ϱ(t) = (C+ ↘ C→) f(t) =
f(t)

1↘ ε
. (20)

The independence of ϱ from the parameter ϑ is motivated by the fact that interface growth is341

primarily related to di!usive processes and therefore, to leading order, not directly controlled342

by the density di!erence (ϑ). Using (20) in (19), we obtain that the mean dissipation during343
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the shutdown regime is344

ωsd(t) =
1

2(1→ ε)f(t)
, (21)

where f(t) = [a1 + (t→ ts)]/a2, with a1 = 3.376 and a2 = 652.9 determined from fitting of345

the numerical results. The functional form employed for f(t) is obtained from models based346

on interface deformation proposed by Hidalgo et al. (2015). According to this model, a1 and347

a2 depend on the e!ective finger width, ϑ, h(t = 0), Lx, Ly, and the exponent n of the power348

law ϖ(C) (n ↑ 2). In the present study, all these parameters, except the e!ective finger and349

interface widths, are constant, and therefore a1, a2 can be interpreted as a measure of those350

quantities. Equation (21) provides an excellent estimate of the evolution of dissipation, see351

Figure 2(c-iii). All simulations, with the exception of B1 and B4, which have an interface352

quickly reaching the upper boundary, follow the predicted ωsd, confirming the accuracy of353

the proposed model.354

The degree of mixing in this phase, reported in the main panel of Figure 2(c-iv), suggests355

that higher mixing is achieved for small ε, e.g., for simulations B1 and B4 (ε = 0.1).356

This result, counter-intuitive given the smaller values of dissipation recorded for small ε357

(see Figure 2c-i), is due to the definition of degree of mixing provided in Equation (15),358

which accounts not only for ω(t) but also for ε. The evolution of M describes, through a359

single global indicator, the evolution of the system and will be used to compare di!erent360

configurations.361
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The dynamics during the shutdown regime is key to predicting the long-term flow363

behavior and fluid mixing, as it is, by far, responsible for the major proportion (50% to 80%)364

of overall mixing. This is quantified via the degree of mixing in the main panel of Figure 2(c-365

iv), which depends on the history of the system. Therefore, it is di”cult to interpret the366

late-time flow dynamics without accounting for the previous phases contributing to mixing.367

To analyze and compare the role of di!erent e!ects, we consider the time t% required to368

achieve a prescribed degree of mixing M%. For instance, t30% corresponds to the time369

required to reach M = 0.3.370

The results reported in Figure 3 highlight the role of modeling assumptions (monotonic371

ϖ(C), 2D, fixed interface) relative to the most complete model considered here (3D, non-372

monotonic ϖ(C), free interface). The following e!ects emerge:373

i) Interface model: Despite the dependence of M(t) on ε and ϱ, mixing is initially374

more e”cient in the free-interface systems (Figure 2c-iv). However, at long times375

this is, in general, no longer true and depends on the flow parameters. 3D results in376

Figure 3(a,b) confirm this, indicating that t30% is smaller for the free-interface case377

compared to the fixed-interface case. For higher degrees of mixing (t50%, t70%), the378

threshold value for which the free- and fixed-interface systems exhibit the same t%379

depends on the fluid parameters (ε,ϱ), with ε playing a leading role.380

ii) Dimensionality: The onset of convection occurs earlier in 2D than in 3D (see Fig-381

ure 2c-i), and this e!ect is clearly reflected in the time ratio at t1% reported in382

Figure 3(c). The dissipation during the convection-dominated phase may be higher383

in 3D than in 2D, or vice versa (e.g., for ε = 0.5 and ϱ = 0, in agreement with384

Imuetinyan et al. (2026)), depending on the fluid parameters (ε,ϱ) (see Figure 2c-ii).385

The cumulative mixing in these regimes yields a complex, time-dependent picture:386

for all times considered (t20%–t70%, Figure 3c), two distinct regions of the parameter387

space (ε,ϱ) exist in which mixing may be faster (up to 20%) or slower (up to 6%) in388

3D than in 2D.389

iii) Fluid properties: The most e!ective parameter combination for faster mixing can390

be derived from Figures 3(a,b). The dominant parameter is ε: the smaller ε, the391

sooner a given degree of mixing is achieved, in agreement with previous observations392
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in the interfinger spacing, and thus the concentration gradient is large in those regions.299

The flow evolution leads to a reduction in the number of fingers, e.g., from 22 at t = 1 in300

Figure 2(b-i) to 17 at t = 7 in Figure 2(b-ii). The concentration gradients at the sides of301

the fingers (see Figure 2b-ii), as well as across the interface (not visible due to the chosen302

color scale), decrease. These combined e!ects provide a physical interpretation of the weak303

decrease in time of ω in Figure 2(c-i).304

In Figure 2(c-i), the dissipation in the convection-dominated phase is larger in 3D than305

in 2D in most of the cases considered. This observation agrees with previous findings in the306

fixed-interface configuration (Fu et al., 2013; Pau et al., 2010; De Paoli, Zonta, et al., 2025),307

and is attributed to the larger vertical velocities achieved in 3D due to the additional degree308

of freedom. Recently, Imuetinyan et al. (2026) reported the opposite e!ect for ε = 0.5 and309

ϑ = 0, with mixing faster in 2D than in 3D, and attributed this behavior to the larger310

interface deformation occurring in 2D. We confirm here the same dynamics, see for instance311

simulations C1 and C4, for which ε = 0.4 and ϑ = 0. In this case, the interface is much312

more deformed in 2D than in 3D (see a direct comparison in Figure S11), and as a result313

the dissipation is larger in 2D (Figure 2c-i). However, the e!ect of dimensionality on the314

evolution of mixing is di”cult to characterize due to its transient nature: for instance, C1315

exhibits smaller dissipation than C4 prior to the convection-dominated phase. Therefore, for316

a thorough description of the role of dimensionality, ε and ϑ should be considered together317

with specific values of time or degree of mixing. Details are provided in Section 5.318

4.2.3 Shutdown dynamics319

When the concentration in the bulk increases, and so does in the boundary layer below320

the interface, the driving progressively reduces. As a result, mixing (quantified by ω in321

Figure 2c-i) also decreases. The time at which this convective shutdown occurs is 7 < ts <322

9, and it also marks a di!erent distribution of low/high dissipation regions in the flow.323

Large concentration gradients, indicating large values of |→C|2 and initially localized at the324

finger boundaries and in the interfinger interfacial regions (Figure 2b-i,b-ii), are now mostly325

concentrated at the roots of the fingers (Figure 2b-iii).326

The key role of interfacial dynamics has stimulated the development of physical models327

capable of predicting its behavior and, simultaneously, describing mixing and bulk concen-328

tration. The model proposed by Hewitt et al. (2013), which we test in detail in Text S5.3329

in Supporting Information S1, provides an excellent prediction of the fixed-interface system330

and also of the free-interface system, but only in the presence of partially miscible fluids and331

large values of C+, when the interface remains mostly flat and the corresponding boundary332

layer thickness is uniform. In our case, in contrast, fluids are fully miscible, and the interface333

topology evolves following a complex dynamics that this model fails to capture.334

We propose a model to explain the evolution of ω and M during the shutdown phase.335

Dissipation is localized at the interface, with minor contributions from the finger boundaries336

(Figure 2b-iii). Assuming |ϖxC| ↑ |ϖyC| ↓ |ϖzC|, and given an interface thickness ϱ, ω can337

be approximated as:338

ω = ↔|→C|2↗ ↑ ϱ

Lz

(
C+ ↘ C→

ϱ

)2

, (19)

with C+ ↘C→ = 1/(1↘ε). We assume that ϱ(t) depends on C+ ↘C→ and on a function of339

time, f(t), that is independent of the fluid parameters:340

ϱ(t) = (C+ ↘ C→) f(t) =
f(t)

1↘ ε
. (20)

The independence of ϱ from the parameter ϑ is motivated by the fact that interface growth is341

primarily related to di!usive processes and therefore, to leading order, not directly controlled342

by the density di!erence (ϑ). Using (20) in (19), we obtain that the mean dissipation during343
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the shutdown regime is344

ωsd(t) =
1

2(1→ ε)f(t)
, (21)

where f(t) = [a1 + (t→ ts)]/a2, with a1 = 3.376 and a2 = 652.9 determined from fitting of345

the numerical results. The functional form employed for f(t) is obtained from models based346

on interface deformation proposed by Hidalgo et al. (2015). According to this model, a1 and347

a2 depend on the e!ective finger width, ϑ, h(t = 0), Lx, Ly, and the exponent n of the power348

law ϖ(C) (n ↑ 2). In the present study, all these parameters, except the e!ective finger and349

interface widths, are constant, and therefore a1, a2 can be interpreted as a measure of those350

quantities. Equation (21) provides an excellent estimate of the evolution of dissipation, see351

Figure 2(c-iii). All simulations, with the exception of B1 and B4, which have an interface352

quickly reaching the upper boundary, follow the predicted ωsd, confirming the accuracy of353

the proposed model.354

The degree of mixing in this phase, reported in the main panel of Figure 2(c-iv), suggests355

that higher mixing is achieved for small ε, e.g., for simulations B1 and B4 (ε = 0.1).356

This result, counter-intuitive given the smaller values of dissipation recorded for small ε357

(see Figure 2c-i), is due to the definition of degree of mixing provided in Equation (15),358

which accounts not only for ω(t) but also for ε. The evolution of M describes, through a359

single global indicator, the evolution of the system and will be used to compare di!erent360

configurations.361

5 Discussion and conclusions362

The dynamics during the shutdown regime is key to predicting the long-term flow363

behavior and fluid mixing, as it is, by far, responsible for the major proportion (50% to 80%)364

of overall mixing. This is quantified via the degree of mixing in the main panel of Figure 2(c-365

iv), which depends on the history of the system. Therefore, it is di”cult to interpret the366

late-time flow dynamics without accounting for the previous phases contributing to mixing.367

To analyze and compare the role of di!erent e!ects, we consider the time t% required to368

achieve a prescribed degree of mixing M%. For instance, t30% corresponds to the time369

required to reach M = 0.3.370

The results reported in Figure 3 highlight the role of modeling assumptions (monotonic371

ϖ(C), 2D, fixed interface) relative to the most complete model considered here (3D, non-372

monotonic ϖ(C), free interface). The following e!ects emerge:373

i) Interface model: Despite the dependence of M(t) on ε and ϱ, mixing is initially374

more e”cient in the free-interface systems (Figure 2c-iv). However, at long times375

this is, in general, no longer true and depends on the flow parameters. 3D results in376

Figure 3(a,b) confirm this, indicating that t30% is smaller for the free-interface case377

compared to the fixed-interface case. For higher degrees of mixing (t50%, t70%), the378

threshold value for which the free- and fixed-interface systems exhibit the same t%379

depends on the fluid parameters (ε,ϱ), with ε playing a leading role.380

ii) Dimensionality: The onset of convection occurs earlier in 2D than in 3D (see Fig-381

ure 2c-i), and this e!ect is clearly reflected in the time ratio at t1% reported in382

Figure 3(c). The dissipation during the convection-dominated phase may be higher383

in 3D than in 2D, or vice versa (e.g., for ε = 0.5 and ϱ = 0, in agreement with384

Imuetinyan et al. (2026)), depending on the fluid parameters (ε,ϱ) (see Figure 2c-ii).385

The cumulative mixing in these regimes yields a complex, time-dependent picture:386

for all times considered (t20%–t70%, Figure 3c), two distinct regions of the parameter387

space (ε,ϱ) exist in which mixing may be faster (up to 20%) or slower (up to 6%) in388

3D than in 2D.389

iii) Fluid properties: The most e!ective parameter combination for faster mixing can390

be derived from Figures 3(a,b). The dominant parameter is ε: the smaller ε, the391

sooner a given degree of mixing is achieved, in agreement with previous observations392
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4.2 Analysis of mixing263

Initially, we have C(x, z → 1, t = 0) = ω/(1 ↑ ω) and C(x, z < 1, t = 0) = ↑1, which264

gives ε2
max = 1/[4(1↑ ω)2]. It follows from Equation (11) that:265

M(t) =
8(1↑ ω)2

Ra

∫ t

0
ϑ dt. (15)

As t ↓ ↔ a uniform concentration field is achieved, and hence ϑ = 0 and M = 1.266

4.2.1 Early-stage dynamics267

We consider the initial concentration field (see Text S3 in Supporting Information S1),268

which varies within the range 0 ↗ C ↗ C+ = ω/(1 ↑ ω). Assuming a semi-infinite domain269

in the vertical direction and u ↘ 0, the solution of Equation (S3) is:270

C(z, t) =
1

2(1↑ ω)

[
2ω↑ 1 + erf

(
(z ↑ 1)Ra

2
≃
tRa

)]
. (16)

Using Equation (16) in (10), we obtain an expression for ϑ:271

ϑ(t) ↘ 1

(1↑ ω)2
1

4

√
Ra

2ϖt
. (17)

(a derivation of these equations is provided in Text S5.1 in Supporting Information S1).272

The evolution of ϑ for the free-interface cases is shown in Figure 2(c-i), and rescaled with273

the coe!cient derived in (17) in Figure 2(c-ii). The dynamics is well predicted by the274

analytical solution. The onset of convection, which is independent of the fluid parameters275

(ω,ϱ), occurs earlier in 2D than in 3D (Figure 2c-i), consistently with the fixed-interface276

configuration.277

Using Equations (17) and (15), the degree of mixing is obtained:278

M(t) =

√
8t

ϖRa
, (18)

which is independent of the fluid parameters ω and ϱ, as expected in the di”usive phase279

where density (and hence convection) plays no role. The early-stage evolution of M(t) for280

all cases, with fixed interface (simulations A) and with a free interface (simulations B and281

C), is reported in the inset of Figure 2(c-iv). Also in this case, ω and ϱ do not influence the282

onset of convection.283

4.2.2 Convection-dominated dynamics284

The di”usive regime is followed by the thickening of the interfacial boundary layer,285

which eventually becomes unstable, leading to the formation of fingers. This process is286

first characterized by an increase in dissipation, which departs from the di”usive behavior287

(0.1 < t < 0.2), due to the formation of fingers that carry solute away from the interface.288

Later (0.2 < t < 0.3), fingers interact and reorganize; the flux diminishes, and fingers289

eventually merge, forming larger descending structures during a phase of slowly decreasing290

dissipation, similarly to what observed in Figure S5(b). In the Rayleigh–Taylor–Darcy case,291

in contrast, the dissipation increases with time (De Paoli, Yerragolam, et al., 2025; De Paoli292

et al., 2019).293

We analyze in Figure 2(b) the local dissipation |⇐C|2 for simulation B3 at di”erent294

times. High values of dissipation are mostly localized in two distinct regions: at the bound-295

aries of the fingers (Gopalakrishnan et al., 2017) and at the fluid–fluid interface. The296

interfacial contribution is by far more dominant than that associated with the fingers, as297

shown in Figure 2(b). As suggested by Hidalgo et al. (2015), the interface is compressed298
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following set of dimensionless variables:

𝐿 =
𝐿
→ ↑ 𝐿

→
𝐿

𝐿
→
𝐿
↑ 𝐿

→↑
, 𝑀 =

𝑀
→

𝑁
→ , u =

u
→

U → , (2.8)

𝑂 =
𝑂
→

𝑃𝑁
→/U → , 𝑄 =

𝑄
→

(𝑅→
𝐿
↑ 𝑅

→↑)𝑆𝑁→ , (2.9)

where we introduced the reduced pressure 𝑄
→ = 𝑇

→ + 𝑅
→
↑𝑆𝑈

→, we finally derive the dimen-
sionless form of the governing equations (2.1)-(2.2):

𝑉𝐿

𝑉𝑂

+ u · ↓𝐿 =
1

Ra0
↓2

𝐿 (2.10)

↓ · u = 0, (2.11)

u = ↑ (↓𝑄 + 𝑅k) (2.12)
where the dimensionless density field 𝑅 = 1 + (𝑅→ ↑ 𝑅

→
𝐿
)/(𝑅→

𝐿
↑ 𝑅

→
↑) computed for the three

cases considered in §2.1 reads:

𝑅 = 1 + 𝐿 , ↑1 ↭ 𝐿 ↭ 0 (2.13)
𝑅 = 1 ↑ 𝐿

2
, ↑1 ↭ 𝐿 ↭ 0 (2.14)

𝑅 =




1 ↑ 𝐿
2

, ↑1 ↭ 𝐿 ↭ 0

1 ↑ (1 + 𝑊)
(
1 ↑ 1

𝑋

)2
𝐿

2
, 0 < 𝐿 ↭ 𝐿+ =

𝑋

1 ↑ 𝑋

(2.15)

and is obtained from equations (2.3), (2.4) and (2.5), respectively. The dimensionless
parameters introduced are

Ra0 =
U →

𝑁
→

𝑃𝑌

, 𝑋 =
𝐿
→
+ ↑ 𝐿

→
𝐿

𝐿
→
+ ↑ 𝐿

→↑
, 𝑊 =

𝑅
→
↑ ↑ 𝑅

→
+

𝑅
→
𝐿
↑ 𝑅

→↑
, (2.16)

where Ra is the governing parameter of the flow, the initial Rayleigh-Darcy number (indicated
as Rayleigh number in the following), and quantifies the relative strength of convective and
di!usive mechanisms. Two additional parameters describing the fluid behaviour 𝑅(𝐿) are:
(i) 𝑋, with 0 ↭ 𝑋 ↭ 1, it indicates the position of the concentration that maximizes, i.e.,
𝐿
→
𝐿
= 𝐿

→
+ for 𝑋 = 0 and 𝐿

→
𝐿
= 𝐿

→
↑ for 𝑋 = 1 (see figure 2a); and (ii) 𝑊, the relative density

contrast (see figure 2b), i.e. the density between the initial fluid layers (𝑅→↑ ↑ 𝑅
→
+) relative to

the maximum density contrast in the system (𝑅→
𝐿
↑ 𝑅

→
↑).

Provided that 𝑍 is su”ciently large to allow the formation of multiple flow structures and
minimize the e!ects of the periodic forcing, the flow in purely controlled by Ra and 𝑋.

2.4. Numerical solution of the equations
See also Appendix A for further details.
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Free-interface dynamics (2D)
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Time for mixing

tfree / tfixed (3D, parabolic)
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Time for mixing

t2D / t3D
(free interface)
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Interface position
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S5.3. Interface dynamics

We characterize the interfacial flow dynamics monitoring the position of the concentration185

profile where the density is maximum, i.e., the interface is located at h(t) = z(C = 0). Hewitt186

et al. (2013) proposed an elegant model to predict the evolution of the interface, which we187

summarize here. Assuming the interface flat and the concentration in the upper layer uniform188

and equal to C+, the Equation (S3) can be rewritten in the reference frame co-moving with the189

interface, and it reads:190

ωC

ωt
→ dh

dt

ωC

ωz
=

1

Ra

ω
2
C

ωz2
. (S28)

The well-mixed approximation of the lower layer allows to write a conservation equation for the191

solute, which reads:192

h
d!

dt
=

|!|
hRa

Nue, (S29)

where ! is the volume-average concentration for z < h, and Nue = 6εRa |!|2+ϑ is an equivalent193

Nusselt number, with ε and ϑ coe”cients determined from the equivalent Rayleigh-Bénard194

problem, and equal to (ε, ϑ) = (6.9 ↑ 10→3
, 2.75) and (ε, ϑ) = (9.6 ↑ 10→3

, 4.6) in the 2D and195

3D cases, respectively (Hewitt et al., 2013, 2014; Pirozzoli et al., 2021). The evolution of the196

boundary layer thickness at the interface, ϖ, is directly correlated to the interface velocity and197

the flux of solute across the interface Nue. Thus, equation (S28) can be manipulated to obtain:198

(
|!|+ C+ → 2C+

ϱ

)
dh

dt
= → 4C+

ϱϖRa
+

|!|Nue

hRa
(S30)

199 (
|!|+ C+ → 2C+

ϱ

)
dϖ

dt
=

8(C+ +!)

ϱϖRa
→ 4|!|Nue

ϱhRa
. (S31)

The set of equations (S29)-(S31) can be solved numerically to determine the evolution of the200

interface h(t), which we report in Fig. S10, together with the evolution of ϖ and ! (not shown201

here).202
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Model of Hewitt et al. (2013)
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Interface dynamics
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Interface dynamics
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Interface dynamics
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Simulations details

DE PAOLI AND PIROZZOLI: HOW MODELING ASSUMPTIONS SHAPE PREDICTIONS OF MIXING X - 9

Table S1. Summary of the parameters employed in the simulations. The dimensionless

governing parameters (Ra,ω, ε) are defined in (S9). The domain extension in horizontal direc-

tion, L and the grid resolution are also indicated. Examples of the conditions corresponding to

simulations A, B and C are reported in Figures S1(a), (b) and (c), respectively. Simulations D

complete the parameters space, and results are presented in Section 5 of the main text. Simula-

tions E are designed to partially replicate and extend previous studies. In particular E1 (and the

corresponding 3D simulation E5) reproduces the conditions of Imuetinyan et al. (2026), E2 (E6)

those of Hidalgo et al. (2012) and E3 (E7) and E4 (E8) those of Hewitt et al. (2013). Continues

to the next page.

Sim. interface/b.c. Ra ϑ(C) ω ε Lx Ly Lz Nx Ny Nz

A1 fixed/(8) 1→ 104 linear (S6) - - 5 - 1 5120 1 256
A2 fixed/(8) 1→ 104 parabolic (S7) - - 5 - 1 5120 1 256
A3 fixed/(8) 1→ 104 linear (S6) - - 1 1 1 1024 1024 256
A4 fixed/(8) 1→ 104 parabolic (S7) - - 1 1 1 1024 1024 256
B1 free/(9) 1→ 104 piecewise (S8) 0.1 1.5 5 - 2 5120 1 1024

B2↑C2 free/(9) 1→ 104 piecewise (S8) 0.4 1.5 5 - 2 5120 1 1024
B3 free/(9) 1→ 104 piecewise (S8) 0.6 1.5 5 - 2 5120 1 1024
B4 free/(9) 1→ 104 piecewise (S8) 0.1 1.5 1 1 2 1024 1024 1024

B5↑C5 free/(9) 1→ 104 piecewise (S8) 0.4 1.5 1 1 2 1024 1024 1024
B6 free/(9) 1→ 104 piecewise (S8) 0.6 1.5 1 1 2 1024 1024 1024
C1 free/(9) 1→ 104 piecewise (S8) 0.4 0.0 5 - 2 5120 1 1024

C2↑B2 free/(9) 1→ 104 piecewise (S8) 0.4 1.5 5 - 2 5120 1 1024
C3 free/(9) 1→ 104 piecewise (S8) 0.4 3.0 5 - 2 5120 1 1024
C4 free/(9) 1→ 104 piecewise (S8) 0.4 0.0 1 1 2 1024 1024 1024

C5↑B5 free/(9) 1→ 104 piecewise (S8) 0.4 1.5 1 1 2 1024 1024 1024
C6 free/(9) 1→ 104 piecewise (S8) 0.4 3.0 1 1 2 1024 1024 1024
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Table S1. Continues from the previous page.

Sim. interface/b.c. Ra ω(C) ε ϑ Lx Ly Lz Nx Ny Nz

D1 free/(9) 1→ 104 piecewise (S8) 0.25 0.0 5 - 2 5120 1 1024
D2 free/(9) 1→ 104 piecewise (S8) 0.25 1.5 5 - 2 5120 1 1024
D3 free/(9) 1→ 104 piecewise (S8) 0.25 3.0 5 - 2 5120 1 1024
D4 free/(9) 1→ 104 piecewise (S8) 0.5 0.0 5 - 2 5120 1 1024
D5 free/(9) 1→ 104 piecewise (S8) 0.5 1.5 5 - 2 5120 1 1024
D6 free/(9) 1→ 104 piecewise (S8) 0.5 3.0 5 - 2 5120 1 1024
D7 free/(9) 1→ 104 piecewise (S8) 0.25 0.0 1 1 2 1024 1024 1024
D8 free/(9) 1→ 104 piecewise (S8) 0.25 1.5 1 1 2 1024 1024 1024
D9 free/(9) 1→ 104 piecewise (S8) 0.25 3.0 1 1 2 1024 1024 1024
D10 free/(9) 1→ 104 piecewise (S8) 0.5 0.0 1 1 2 1024 1024 1024
D11 free/(9) 1→ 104 piecewise (S8) 0.5 1.5 1 1 2 1024 1024 1024
D12 free/(9) 1→ 104 piecewise (S8) 0.5 3.0 1 1 2 1024 1024 1024
E1 free/(9) 1→ 104 piecewise (S8) 0.1 0.0 5 - 2 5120 1 1024
E2 free/(9) 1→ 104 piecewise (S8) 0.6 0.0 5 - 2 5120 1 1024
E3 free/(9) 1→ 104 piecewise (S8) 0.1 3.0 5 - 2 5120 1 1024
E4 free/(9) 1→ 104 piecewise (S8) 0.6 3.0 5 - 2 5120 1 1024
E5 free/(9) 1→ 104 piecewise (S8) 0.1 0.0 1 1 2 1024 1024 1024
E6 free/(9) 1→ 104 piecewise (S8) 0.6 0.0 1 1 2 1024 1024 1024
E7 free/(9) 1→ 104 piecewise (S8) 0.1 3.0 1 1 2 1024 1024 1024
E8 free/(9) 1→ 104 piecewise (S8) 0.6 3.0 1 1 2 1024 1024 1024
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